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The goal of these notes is to understand the following situation. Suppose we have a
field K, and a Galois extension L/K. Suppose we have some object A “over K”, such as
a K-vector space, a K-algebra, a K-scheme, an algebraic K-group, etc. By “tensoring up”
to L, we obtain a L-object of the same type, typically denoted A;. Given a K-object A,
an L/K-form of A is a K-object B such that A; = By. We would like to understand the

following.
1. Given a L-object (or L-morphism), when does it come from a K-object (or K-morphism)?
2. How to determine if an object B is an L/K-form of A.
3. What does the set of all L/K-forms of A look like?
4. How is the set of L/K-forms of A related to the Galois group Gal(L/K)?

The last question is the most interesting, since it turns out that Gal(L/K’) and some associ-
ated group cohomology groups are in bijection with L/K-forms of A. This relationship and
the various associated theory and proof techniques are known as Galois descent.

Let’s consider a motivating example. Let K = R, L = C. Let A = My(R) be the R-
algebra of 2 x 2 matrices with real entries, and let B = H be the Hamilton quaternions. We
can write B as

B={a+bi+cj+dij:a,b,cdecR}

subject to the multiplication relations
P=2=—1  ij=—ji

Both A and B are 4-dimensional algebras over R. They both have a unit, both are non-
commutative, and both are “central” and “simple” algebras, whatever that means. We claim,
however, that they are NOT isomorphic as R-algebras. The simplest way to see this is that
H is a division algebra, while M5(R) is not. To see that M>(R) is not a division algebra, it
suffices to exhibit one non-invertible nonzero matrix. For example,

xr = (8 é) € My(R)



is not invertible. On the other hand, every nonzero element of H is a unit. I'll omit the
details, but if ¢ = a + bi + ¢j + dij € H and ¢ # 0, the inverse is given by

1 @ _a—bi—cj—dij
N(q) a2+ b2+ %+ d?

So at this point we have two non-isomorphic 4-dimensional R-algebras, A and B. Using the
extension C/R, we can tensor both up to C/R.

Ac = M3(R) ®g C = My(C)
Be=H®rC

Ac is straightforward - tensoring a matrix algebra up to a bigger field just gives the matrix
algebra over the bigger field. However, B¢ is somewhat more mysterious. It would take some
theory to explain why, but the upshot is that as a C-algebra,

Be = H®g C = My (C)

Essentially, this happens because H contains an isomorphic copy of C, given by the elements
a—+0bi. The two algebras A and B which were not isomorphic over R became isomorphic after
extending scalars. In general, this may happen - two different objects over a smaller field
may collapse into a single isomorphism class after extension. So while tensoring up to a field
extension is always possible, “descending” is harder, because there may be more than one
object below. For example, the C-algebra M,(C) does not “lie above” a unique R-algebra,
since both My(R) and H lie below it. This example raises questions like

1. Given the C-algebra M;(C), can we recover the collection of all R-algebras A such that
Ac = My (C)?

2. What is the relationship between My(R) and H which makes them the same after ®¢?

These and other questions are the goal of these notes to explore.
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Note on notation

Throughout K is a field, and L/K is usually a Galois extension. Sometimes we require L/K
to be finite, but we want all of our main results to hold when L/K is infinite as well. By a
vector space over K, we always mean a finite dimensional vector space over K. Many results
still hold for infinite dimensional vector spaces, but not all.

1 Group cohomology

1.1 Discrete groups acting on abelian groups

Let G be a group and A be a G-module (a module over the group ring Z[G]). The fixed
point functor A — A% from G-modules to abelian groups is left exact, so we may form its
right derived functors, which are denoted H*(G,—). In particular,

HY(G, A) = A

There is also an interpretation of H'(G, A) in terms of something called cochains, which
allows for more concrete interpretations of the abelian group H'(G, A) in terms of functions
from a product of copies of G to A satisfying certain properties. In particular, H'(G, A) can
be identified with “crossed homomorphisms” G — A modulo some equivalence.

Definition 1.1. Let G be a group and A a G-module. A crossed homomorphism is a
map f: G — A satisfying
flgh) = (f(g)) + (g~ f(R))

for all g,h € G. Note that + denotes addition in A and - denotes the action of G on A.
Crossed homomorphisms are also sometimes called 1-cocycles. The set of 1-cocycles is
denoted Z'(G, A).

2'(C.A) = {f:C— A| f(gh) = (f(9)) + (9- /(). ¥g.h € G}

Note that Z'(G, A) forms an abelian group under pointwise addition.

Definition 1.2. Let G be a group and A a G-module. For any a € A, the function
f:G—=A g—g-a—a

is a crossed homomorphism, as the calculation below demonstrates.

flgh) =(gh)-a—a=(gh)-a—g-a+g-a—a=g-(h-a—a)+g-a—a=g- f(h)+ f(g)

Such a map is called a trivial crossed homomorphism, or a 1-coboundary. The set of
1-coboundaries is denoted B!(G, A).

B'(G,A)={f:G—=A|Jac A, f(g) =ga—a,VgcG}

Note that B'(G, A) forms a subgroup of Z'(G, A).
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Definition 1.3. Two crossed homomorphisms G — A are equivalent or cohomologous
if their difference is a trivial crossed homomorphism. The equivalence class of a crossed
homomorphism is called its cohomology class.

Proposition 1.4. H'(G, A) is isomorphic to the quotient group of crossed homomorphisms
modulo trivial crossed homomorphisms, that is, the set of cohomology classes.

(G Ay = ZHGA) S G o ALf(gh) = f(g) + gf (W), ¥g.h € G}
VBG4 {f:G = Al3aeA flg)=ga—aVy e G}

Example 1.5. Let K be a field, and L/K a Galois extension with Galois group G =
Gal(L/K). We may view L as an additive group and a G-module, or view L* as a multi-
plicative group, also as a G-module. In these cases, the fixed points are K, K* respectively.
H(G,L)=K
HY(G,L*) = K~

One version of a classical result known as Hilbert’s Theorem 90 says that

HY(G,L)=0
HY(G,L*) =0

1.2 Profinite groups acting on abelian groups

Now suppose G is a profinite group, and A is a topological G-module, meaning that A is a
topological abelian group and the G-action map G' x A — A is continuous with respect to
the topology on A and the profinite topology on G. Sometimes we refer to such an A as a
continuous G-module.

Definition 1.6. Let G be a profinite group and A a topological G-module. A is a discrete
topological G-module if the map G x A — A is still continuous if we replace the topology on
A with the discrete topology. Equivalently, the stabilizer of each a € A is an open subgroup
of G.

Definition 1.7. Let G be a profinite group and A a topological G-module. In parallel with
the discrete case, define

H (G, A) = A°
We may also define the continuous 1-cocycles and continuous 1-coboundaries as

Zoo(G, A) = {f : G — Acontinuous | f(gh) = (f(9)) + (9- f(h)). Vg,h € G}
BL.(G,A)={f:G — A continuous | Ja € A, f(g) = ga — a,Vg € G}

Then we define H!

cts

(G, A) to be the set of cohomology classes.

Z(}ts(Ga A)

1 _
HCtS(G’ A) B Bgts(G> A)

These are once again abelian groups, H! being a group under pointwise addition. In a mild
abuse of notation, when G is profinite and A is a topological G-module, we will drop the

subscript cts and just write H°(G, A), H*(G, A) for these groups.
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Example 1.8. Let L/K be an infinite Galois extension, with Galois group G = Gal(L/K).
Then G is a profinite group, and both L (as an additive group) and L* (as a multiplica-
tive group) are discrete continuous G-modules. The computations are mostly the same as
previously.

HY(G,L)=K
HY(G,L*) = K~
HY(G,L)=0

HY(G,L*) =0

Remark 1.9. Let K be a field and G = Gal(K*P?/K) be the absolute Galois group and let
A be a continuous G-module. So we have associated cohomology groups

H°(G,A)  HY(G,A)

Since this situation arises so commonly and G is entirely determined by K, the notation
frequently substitutes K for GG. So the groups above are denoted

H(K,A)  H\(K,A)

This is not meant to imply in any way that k acts as a group (either additively or multi-
plicatively) on A, but is just a shorthand for H'(G, A).

1.3 Discrete groups acting on nonabelian groups

Definition 1.10. Let G be a group. A G-group is a group A with a group action Gx A — A
such that elements of G act by automorphisms. If A is an abelian group, then we recover
the notion of a G-module.

Definition 1.11. Let G be a group and let A, B be G-groups. A morphism of G-groups
is a group homomorphism ¢ : A — B such that

¢(ga) = go(a)
for all g € G,a € A. In other words, for every g € GG, the following diagram commutes.

ALB

ook
A—.pB

Definition 1.12. Let G be a group and let A be a G-group. Paralleling the definitions
above, define

H°(G,A) = A°
Note that this is a subgroup of A.



Definition 1.13. Let ¢ : A — B be a morphism of G-groups. Then ¢| ¢ : A — B has
image which lands in B¢, since

99(a) = ¢(ga) = ¢(a)
for a € A%, Thus ¢ induces a map on H°, which is just ¢|4c. We denote it by ¢°.
¢ H(G, A) — H°(G, B)
This makes H°(G, —) into a covariant functor.

Definition 1.14. Let G be a group and A be a G-group. A crossed homomorphism or
1-cocycle is a map f : G — A satisfying

flgh) = (f(9)) = (¢9- f(h))  Vg,hed

where - denotes the G-action on A and * denotes the operation in A. Once again, we denote
the set of such 1-cocycles by Z1(G, A).

ZY G, A) ={f:G— A f(gh) = (f(9) * (9- f(h)), Vg, h € G}

Note that Z'(G, A) is no longer necessarily a group under the pointwise operation in A.
Nevertheless, Z!(G, A) is a set, and it is always non-empty, since it contains the constant
map G — A, g — 1 where 1 is the identity element of A. This constant map is called the
unit cocycle.

Notation. Since the parentheses are starting to get somewhat unwieldy in the notation
above, we describe an alternative notation for 1-cocycles in the nonabelian case. Let G be a
group and A a G-group. For a 1-cocycle f : G — A, we use the notation

fo = f(0)

and for a € A and ¢ € GG, we use the notation
a:=o-a
In this notation, the usual relations for G acting on A by automorphisms are expressed as
1=1 (“a)(?b) = 7 (ab) Va,be Ao € G
and the requirement that a map ¢ : A — B be a morphism of GG-groups is expressed as
“(pa) = ¢(7a)
Using this notation, the cocycle condition translates to
flor) = (o f(1)) * (f(0)) o o=t x =101

So we can write

ZNG A ={f:G = Al for = f.7f,, Yo,7 € G}
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Definition 1.15. Let ¢ : A — B be a morphism of G-groups, and let f € Z'(G, A) be a
crossed homomorphism. Then consider the composition

pof:G— B
We claim that this is also a crossed homomorphism. Let g, h € G. Then

(@0 flor = & (for) = ¢ (fs"f7) = 0(fo)0(" fr) = ¢(f5)70(f+) = (¢ 0 [)o" (¢ 0 f)-

Thus ¢o f € Z(G, B) is a crossed homomorphism. Hence post-composition with ¢ induces
a map

¢: ZNG,A) = ZHG,B)  frfod

Definition 1.16. Let G be a group and A be a G-group. The notion of 1-coboundaries does
not quite generalize to the nonabelian setting, so instead of an analog for B(G, A), we have
to replace it by a suitable equivalence relation on Z!'(G, A), which accomplishes the same
task. Let o, 3 € Z'(G, A) be 1-cocycles. They are equivalent or cohomologous if there
exists ¢ € A such that

By =c ta,’c

for all o0 € G.

Remark 1.17. The above is an equivalence relation, as we now verify. Reflexivity is clear,
take ¢ = 1, and note that 91 = 1 since G acts by automorphisms. If a ~ 3 with

By, =c ta,’c Vo € G

then
g = cBs(7c) = ()13, (¢ VoeG

hence 5 ~ «, so the relation is symmetric. If « ~ g and 8 ~ 7, we have ¢,d € A such that
oy =c'B,%¢, By = d1v,7d Vo e G
Then
Qy = Cil(dil’}/o-ad)aC _ Cfldfl,yoadcrc — (dc)fl,yaa(dc)
hence o ~ 7, so the relation is transitive.

Definition 1.18. Let G be a group and A be a G-group. We define H'(G, A) to be the
set of equivalence classes under the above relation on Z'(G, A). Note that H'(G, A) is not
a group, merely a set. The equivalence classes are called cohomology classes.

Remark 1.19. If A is abelian, the previous definition recovers the definition of H'(G, A)
as the quotient Z!'/B!. In particular, in this situation, H'(G, A) is an abelian group.

Definition 1.20. Let ¢ : A — G be a morphism of G-groups, with induced map on 1-
cocycles,

6 ZNG,A) = ZHG,B) [ fod



We claim that this descends to a map H'(G,A) — HYG,B). It is clear that we can
compose 5 with the quotient map Z'(G,B) — H'(G,B). The question then becomes
whether equivalent cocycles in H*(G, A) get mapped to equivalent cocycles in H'(G, B).
To verify this, we need to show that if o, 3 € Z1(G, A) are equivalent, then ¢oa, o are
equivalent (represent the same class in H(G, B)). Suppose a, 3 € Z*(G, A) are equivalent.
Then there exists ¢ € A such that
By =c ta,’c

for all 0 € G. Then

/—\
v

(6o)

(¢ ag"c)

(o ( o) (%¢)
(c) (9 0a),"¢(c)

This holds for all o € G, so ¢ o 5 and ¢ o « are equivalent using d = ¢(c) € B. The upshot
of all of this is that a morphism ¢ : A — B of G-groups induces a map

¢
¢
¢
¢

o' H'(G,A) = H'(G.B)  ¢'[fl=lpo f]
where the brackets represent equivalence/cohomology classes.

Definition 1.21. A pointed set is a pair (X, z9) where X is a set and zy € X is an element,
usually called the distinguished element.

Definition 1.22. Let G be a group and A a G-group, not necessarily abelian. Recall that
inside Z'(G, A) we have the unit cocycle G — A, g — 1. The class of the unit cocycle is
called the distinguished element of H'(G, A). This makes H!(G, A) into a pointed set,
which is all the structure we can ascribe to it in the situation where A is nonabelian.

Definition 1.23. Let (X, ) and (Y, yo) be pointed sets. A morphism of pointed sets
is a set map ¥ : X — Y such that ¢)(xg) = yo. The image of ¢ is the pointed set
(¥(X),¥(x0) = yo). Then kernel of v is the pointed set (1v~(yo), o).

Definition 1.24. Let ¢ : (X, z9) — (Y,y0) and ¢ : (Y,y0) — (Z,2) be morphisms of
pointed sets. The sequence

(X, 20) 5 (Y,y0) 2 (Z, 20)

is exact if the image of ¢ is equal to the kernel of ¢. More concretely, if we just think of
Y: X =Y and ¢ : Y — Z as set maps, exactness means that ¥(X) = 1 ~1(2).

Remark 1.25. Let ¢ : A — B be a morphism of G-groups. It is clear that the induced map
v ZYG, A) — ZY(G, B) maps the unit cocycle to the unit cocycle, so the induced map
Pl HY(G, A) — H'(G, B) maps the distinguished element of H'(G, A) to the distinguished
element of H'(G, B), so ¢! is a morphism of pointed sets.



Proposition 1.26. Let G be a group and suppose we have a short exact sequence of G-

modules.
15 AS%BY 1

Then there is an exact sequence of pointed sets
1 A 2 Be Y06 4 gia, A) S HY(G, B) S HYG,O)
Proof. Omitted. n

Remark 1.27. We think of A as a pointed set with distinguished element 1 € A%, and it
is clear that a” is then a map of pointed sets A — B¢,

1.4 Profinite groups acting on nonabelian groups

As in the case of abelian cohomology, we have a profinite version of nonabelian cohomology.

Definition 1.28. Let G be a profinite group. A topological G-group is a topological
group A which is also a G-group, such that the map G x A — A is continuous. A topological
G-group A is discrete if the stabilizer of each a € A is an open subgroup of G.

Definition 1.29. A morphism of topological G-groups or G-morphism is a morphism
of G-groups which is also continuous with respect to the topology on A.

Definition 1.30. Let GG be a profinite group and A be a discrete topological G-group. Define
HY (G, A) = H°(G, A) = AY
to be the fixed points of the G-action. Also define
Zas(G,A) = {f : G — A, continuous | fo, = f,%fn, Vg,h € G}

We define a relation on Z (G, A) by the same formula as in the discrete case.

cts
an~f — EICGA,Bg:c_laggc,VgeG

As in the discrete case, this is an equivalence relation, and we define H. (G, A) to be the set
of equivalence classes. We will abuse notation and just write this as H'(G, A). As before,
this is not a group if A is nonabelian, but it is has a distinguished element given by the class
of the unit cocycle. (The unit cocycle is continuous because A is discrete.)

Definition 1.31. As before, a morphism of topological G-groups ¢ : A — B induces maps
of pointed sets

¢ H (G, A) — H°(G, B)
¢1 : H(}ts(G7 A) — Hl(Gv B)

Remark 1.32. The exact sequence from before also has a profinite version, when the G-
groups involved are discrete. That is, if

1-A—-B—=>C=1

is a short exact sequence of discrete topological G-groups, there is an associated exact se-
quence of pointed sets

1 — Hgts<G7 A) — Hgts(Gv B) — Hgts(G7 C) — Hclts(G7 A) — Hclts

(G,B) — H

cts

(G,C)
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1.5 Twisted actions

Definition 1.33. Let GG be a group and let A be a G-group. Let X be a G-set and an A-set,
that is, both G and A act on X. The actions are compatible if for all x € X,a € A,0 € G,

o-(a-z)=(c-a) (0-x)

In the above, - is used for all of the actions, of G on A, G on X, and A on X. If X is a G-set
and A-set with compatible actions, we also call X a (G, A)-set.

Definition 1.34. Let K/k be a finite Galois extension with Galois group G. Let W be a
K-vector space, and suppose we have an action of G on W. If this action is compatible with
the G-action on K and the K-action on W, we say that the action of GG is semilinear.

Example 1.35. Let K/k be a Galois extension and G = Gal(K/k). G acts on K in the
usual way, since elements of GG are by definition automorphisms of K.

GxK—K og-A=0(}\)

Let V' be a k-vector space, and consider the tensor product Vx = V®, K, which is a K-vector
space. As a K-vector space, it has a K-action in the obvious way.

K x Vg — Vg p- (V@A) =0v® puA
where pu, A € K,v € V. Vi also has a convenient G-action.
GXVK—)VK 0"(1)@)\):1)@0')\

where 0 € G,v € VA € K. These actions are compatible, that is, G acts semilinearly on
Vi . Said another way, Vi is a (G, K)-set.

o (p- W) =0 (0N =@ o(uA) = o(u) (v ® oN) = (- 1) - (- (V@ V)

Definition 1.36. Let G be a group, A a G-group, and X a (G, A)-set, and let - denote all
of the involved actions. Let a € Z'(G, A) be a 1-cocycle. We define the twisted action by
the cocycle a of G on X via

G X X — X (o,2) —o*xx=a,-(0-x)

where ,X is the same as the set X, just notated differently, and ¢ € G,x € X. We now
verify that this is in fact a group action: for 0,7 € G and = € X,

(m’)*xzam-<(07’)-x> = (aa(a-aT))-<a-(7’-x)> :ag-(a-aT)-<cr-(T-x)>
:aa-<0-(aT-(T~x))> :0*(aT-(T-x)> =0 * (T *1x)

The second equality uses the cocycle property of a, and the first equality of the second line
uses the compatibility of the G, A-actions on X. This verifies that * gives a group action
on X. In such a situation, we use the notation ,X to denote the set X with the twisted
G-action.

11



Remark 1.37. Let X be a (G, A)-set, and a € Z'(G, A) a 1-cocycle. If X is a group, and G
and A act on it by automorphisms, then the twisted action on ,X is also by automorphisms.
Similarly, if X is a vector space over somefield k, and G, A act by automorphisms, then the
twisted action is by automorphisms.

Remark 1.38. The twisted action above does not descend to the level of cohomology classes.
That is, the twisted action depends on the cocycle, not just on the cohomology class of the
cocycle.

Example 1.39. Let L/K be a finite Galois extension and G = Gal(L/K). Let A = GL, (L)
and X = GL,(L). G acts on A, X by applying an automorphism ¢ € G to each entry of a
matrix a € A or x € X. A acts on X by conjugation,

Ax X - X (b, x) > bxb~*
These actions are compatible, since for o € G,
o-(b-x)=0-(bxb™)= (0 -b)(oc-2)(c-b)=(c-b)-(0-2)

Consider the unit cocycle 1 : G — A,o — 1. Twisting by this cocycle gives the same
G-action on X.

G x1X —1X (o,x)—»o*xx=1-(c-2)=0"-x

That is, 1 X has the same G-action as X. On the other hand, choose a 1-cocycle a : G — A
such that for some 7 € (G, a, is not central in A, that is, a, is not a scalar matrix. We omit
the justification, but such a cocycle exists. Then consider the G-twisted action on ,X.

G x X — X (o,x) »o*xx=a, (o)

We claim this is not the same as the original G-action on X. Since a, is not central in
GL, (L), choose z € X = GL, (L) so that 7 - x does not commute with a,. Then

Txr=a, (T-7)=a,(7-2)a;" #7172

Hence the action is not the same. Finally, we do not spend the time or space to justify it
here, but it is known that H'(G, A) is trivial; in particular, a is cohomologous to the unit
cocycle. Hence we have two cocycles which represent the same cohomology class, but induce
distinct twisted actions.

Lemma 1.40. Let X be a (G, A)-set, and let a € Z (G, A) be a cocycle. Let G act on X
via the twisted action, and let A act on X in the same way as A acting on X. If A is
abelian, then this makes ,X into a (G, A)-set, which is to say, the twisted action and the
A-action on X are compatible.
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Proof. Since there are are approximately one million |I| actions floating around, let’s set a
bunch of notation to try to be as clear as possible. We denote the various actions as follows.

GxX—>X (o,2) —~o0-x

AxX =X (b,z) »bOx

GxA—A (o,b) —oob

G x X — X (o,2) —»o*xx=a,® (0-x)
AX X — X (b,z) > bO

AxA— A (b,c) > b+c

Using this notation, the fact that the GG, A-actions on X are compatible is written
og-(boOx)=(cob)® (0-1)
The fact that A acts on X as a group says that
bO(cOx)=(b+c)Ox

We wish to show that the G, A-actions on ,X are compatible, which amounts to showing
the equality
ox(bOz)=(00b)® (0x*x)

We work with each side.
LHS =0+ (b®x)
—a,0 (0- (b0 2))
—a,0 ((0eb)© (0 1))
— (a,,+(a<>b)) ©(0-2)
RHS = (00b) ® (0 # )
—(00ob)® <ag®(a-x)>
:<(a<>b)+aa)®(a-m)

So if A is abelian, then a, + (0 ©b) = (¢ ©b) + a,, in which case these expressions are equal,
so the actions are compatible as claimed. O

Remark 1.41. I suspect that the previous proof could be wrangled a bit to show that A is
abelian if and only if the actions considered are compatible, but it isn’t necessary to prove
this for later so I haven’t tried. Suffice it to say, if A is not abelian, we should not expect
the actions to be compatible.

'Five is approximately one million in situations like this.

13



1.6 Some cohomology facts without proof

Proposition 1.42. Let G be a finite cyclic group of order n with generator o. Let A be a
G-module (A is abelian). Let
NG = Z T

TG

be the norm element in Z[G], which gives a map Ng : A — A. The group cohomology groups
HY(G, A) are

AC i=0
HY(G,A) = kerNg/(c —1)A i=1,3,...
AG/NgA i=24,...
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2 Descent for vector spaces

2.1 Semilinear I'-modules
Definition 2.1. Let K/k be a Galois extension with Galois group G = Gal(K/k), and let
M be a K-vector space. Suppose we have a k-linear action of G on M.

GxM-—M (o0,m) +— o(m)

By k-linear, we mean that if y € k, then o(pum) = po(m). Such an action is semilinear if
it satisfies

g(Am) = (o) (om)
forallc e G, e K,me M.

Definition 2.2. Let K/k be a Galois extension with Galois group G. A semilinear G-
modules is a K-vector space M with semilinear G-action as defined above. A semilinear
G-module M is continuous if for every m € M, the stabilizer subgroup

stab(m) = {0 € G : om = m}

is open with respect to the Krull topology on GG. Suppose M, N are continuous semilinear G-
modules. A morphism of G-modules is a K-linear map M — N which is also a G-module
homomorphism, that is, the map commutes with any o € G.

Definition 2.3. Let K/k be a Galois extension with Galois group G = Gal(K/k) and let V'
be a k-vector space. Then

GXVK—)VK 0'(1)@)\):1)@0')\

where 0 € G,v € V,\ € K is a semilinear action. It is also continuous, assuming the Krull
topology on GG and the discrete topology on Vk. Given a morphism ¢ : V' — W of k-vector
spaces, the induced map

¢K Ve — Wk

is a morphism of G-modules, since
Pr(o(v @A) = dr(v @A) = d(v) ® oA =0(p(v) ®A)

All this to say, the assignment V' ~~ Vi is a covariant functor from the category Vecy of
k-vector spaces to the category Modg of continuous semilinear G-modules.
Conversely, if we start with a continuous semilinear G-module M, we can take the G-fixed
points M€,
M® ={m € M :om=m,Vo € G}

We then regard M as a k-vector space. It is clear that M is closed under addition; it is
also closed under the k-action since if m € MY and A\ € k and o € G, then

o(Am) =a(AN)a(m) = Aa(m) = dm
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where o(A\) = A because A is the fixed field of Gal(K/k) = G. Given a morphism f : M — N
of continuous semilinear G-modules, the image of MY lands in N¢, so we have a map

f¢ = flue : MY — N¢
which is k-linear. Hence M ~» M is a covariant functor Modg — Vecy,.

Lemma 2.4. Let K/k be a Galois extension with Galois group G and V' be a k-vector space.
Then every element of (Vi)© is of the form v ® 1 for some v € V. That is, we get an
identification

(Vi) =V

Proof. Choose a k-basis {e;},., for V. Then {e; ® 1},_, is a K-basis for Vx. Let x € V,
and write it in terms of this basis.

x:in(ei(X)l) :Zei®xi

icl 7

where x; € K are uniquely determined by z. Suppose z € (Vx)¢. Then for o € G,

in(ei ®R1l)=x=0r= Zei ® ox; = Z(Gxi)(ei ®1)

7 7

Since {e; ® 1},., is a K-basis, the coefficients are equal, which is to say, ox; = x; for all
o € G. That is, x; € k for all 7. So

T = Zei R x; = Z(miei) ®1= <Z$i€i> ®1
Thus x € (Vi) is of the required form. O

Later on we’ll need a slight generalization of this lemma where we replace Vix by a ¢-fold
tensor product (Vx)®?. The proof is basically the same.

Definition 2.5. Let V be a k-vector space and K /k a Galois extension with Galois group
G. We can extend the G-action on Vi to a G-action on (Vi )®? where g € Z>.

G x (Vg)®1 — (Vg)®4 o1 ® - ®ry) = (011) Q-+ ® (014)

Lemma 2.6. Let K/k be a Galois extension with Galois group G and V' be a k-vector space.
Let q € Zso. Then every element of (Vi)®9) is a k-linear combination of elements

(M) @ (v,®1)
for some vy, ... v, € V¥ That is, we get an identification

((Vie)®)® = (Vi)™

16



Proof. Choose a k-basis {e;},.; for V. Then {f; = ¢; ® 1},.; is a K-basis for V. Then

i€l
{fi @@ fi, vir,....iq €1}

is a K-basis for (Vk)®?. Let x € (Vk)®?, and write it in terms of this basis.

r = Z T(iy,ig) fir ® - ® fi,)

where x; € K are uniquely determined by z. Suppose = € ((Vi)®9)“. Then for o € G,

Y taigfa® o @f)=r=0r= Y (0% e @ 8 fi)

Since these are coefficients when written in terms of a basis, they are equal. That is,
O (i, ig) = L(ir,.ig) for all multi-indices (iy,...,4,), which is to say, the coefficients are

7777777777

all in k. [l

Lemma 2.7 (Conrad 1.6). Let K/k be a field extension. Let V' be a K-vector space, and
W C V' be a nonzero k-vector subspace of V.. The following are equivalent.

1. Any k-basis of W is a K-basis of V.
2. Some k-basis of W is a K-basis of V.

3. The K-linear map
W, K-V w R a— aw

s an isomorphism of K -vector spaces.

Proof. (1) = (2) obvious.
(2) = (3) Suppose {e;} is a k-basis of W which is also an K-basis of V. Then the
K-linear map
We,K—=V w® a— aw

sends 1 ® e; to e;. That is, it sends the K-basis {1 ® e;} of W @, K to the K-basis {e;} of
V', so it is an isomorphism.

(3) = (1) Suppose the map is an isomorphism. Given a k-basis {¢;} of W, {1 ® ¢;} is
a K-basis of W ®y, K, so under the isomorphism the image {le;} of {1 ® e;} is a K-basis of
V. ]

Lemma 2.8 (Conrad 2.11). Let K/k be a Galois extension with Galois group G. Let V
be a K-vector space with a semilinear G-action, and let V' C V' be a K-subspace which is
preserved (setwise) by G. Then the quotient space V//V' has a semilinear G-action given by

G VIV S V/V oo+ V)=o) + V'

Proof. This is mostly just checking well-defined-ness. m
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Lemma 2.9 (Conrad 2.13). Let K/k be a finite Galois extension with Galois group G. Let
V' be a K-vector space with a semilinear G-action. Define

Tr:V—=V Tl"(U)IZO'U
oceG

Then
1. Te(V) c V©.
2. IfveV and v # 0, then there exists a € K such that Tr(av) # 0.
3. IfV #0, then VY £ 0.
Proof. (1) Let 7 € G. Then
TTr(v) =7 Z ov = Z Tov = Tr(v)
o€G o€G

The last equality is because left multiplication by 7 is an automorphism of G.
(2) We prove the contrapositive. Assume for some fixed v € V, Tr(av) = 0 for all a € K.

Then
0= Za(av) = Z o(a)o(v)

ceG oeG

for all @ € K. By linear independence of characters, the characters o(a) of V' are linearly
independent, so the equality above implies that each o(v) = 0. In particular, for o = Idy,
we get v = 0.

(3) If V # 0, choose v # 0. Then by (2), Tr(av) # 0 for some v, and Tr(av) € VE. [

Lemma 2.10 (part of Conrad 2.14). Let K/k be a Galois extension with Galois group G.
Let V' be a K-vector space with a semilinear G-action. If {w;} is a collection of k-linearly
independent vectors in V&, then they are K-linearly independent in V.

Proof. Suppose the result is false, which is to say, there exists a set {w;} of k-linearly
independent vectors in V¢ which are K-linearly dependent. That is, we have a relation

n

Zaiwi =0

i=1

with a; € K, and the a;’s are not all zero. We may assume the relation above is minimal
in length among such all such relations. Then every a; is nonzero, every w; is nonzero, so
n > 2. By scaling, we may assume a,, = 1. Now let 0 € GG, and apply it to the relation.

n

0=0(0) = UZ a;w; = Za(ai)a(wi) = Z o(a;)w;

i=1
Subtracting these relations, we get

0= (a; — o(a;))w;

i=1

18



Since a, = o(a,) = 1, this is a relation of length at most n — 1. Since the original relation
was minimal in length among nontrivial relations, this new relation must be a trivial one,
which is to say, a; — o(a;) = 0 for all 7. Since this happened for every ¢ € G, this tells
us that a; € K¥ = k. But this contradicts the initial assumption that {w;} was k-linearly
independent. So we reach a contradiction, and the original claim is true. O

Note: Finiteness of the extension is pretty necessary for the following lemma, at least for
the proof given. It doesn’t seem likely that this extends to infinite extensions, as stated.

Lemma 2.11 (Speiser’s lemma, CSAGC 2.3.8). Let K/k be a finite Galois extension with
Galois group G = Gal(K/k), and let M be a semilinear G-module. The map

e (Mg = M me\N— m Zmi®)\iHZ/\im,-

15 a natural isomorphism of I'-modules. Here, naturality means that if v : M — N 1is a
morphism of semilinear I'-modules, then the following diagram commutes.

(M%) —2 M

(T/J\]\/[G)@IdKl lﬂﬂ

(N g —~5 N

Proof. Let us verify that €,; is a G-module homomorphism. For o € G,

€M <02m@- ® )\i> =€y (Z m; ® a()\i)) = Z a(Ai)m; (2.1)

= Za(/\,-mi) = JZ Aim; = 0€pp (Z m; & /\i) (2.2)

Hence €); commutes with any o € G, so it is a G-module homomorphism. Now we verify
that the required diagram commutes. Let ¢ : M — N be a G-module homomorphism. In
particular, ¢ is K-linear.

EN O (wlMG X IdK) <Z m; X Az) — €N (Ziﬂ(ﬂ%) & Az)
= Z Aip(m;) = 21/)()\zmz) =1 <Z )\imi> =1 oey (Z m; ® >\z‘>

Hence the required diagram commutes, so € is a natural transformation. It remains to show
that €, is an isomorphism. Lemma/2.10|says that e, is injective, so all we need is surjectivity.
Consider the image imey; C V', which is an L-subspace. By the algebra in equation the
image is (setwise) invariant under G. Then by lemma , the quotient space

19



inherits a semilinear G-action from M, which we write as o(m) = o(m). Let Tr: M — M
be the trace map defined in lemma . We also have the trace map Tr : M — M. For
m € M, we have

Tr(m) =Y o(m) =Y o(m) = Tr(m)

oceG celG
By lemma for any m € M, Tr(m) € M, and it is clear that MY C im €y, so

Tr(m) = Tr(m) =0€ M

That is to say, Tr : M — M is the zero map, which by part (2) of lemma tells us that

M = 0. That is, M = im€,, which is to say, ej; is surjective. O
Remark 2.12. Unfortunately, the previous proof does not explicitly describe the inverse
map to €);. However, now that we know the result is true, we can say the following.

For any k-basis {m;} of M% {m; ® 1} is a K-basis of (M%)g. Then the isomorphism
ey takes the K-basis {m; ® 1} to the set {m;} in M, so it must also be a K-basis of M.
This is just a rephrasing of lemma [2.7]

Hence the inverse map to e€); may be described as folllows. Pick a K-basis of M which
is also a k-basis of MY, call it {m;}. Then the inverse map is

2.2 Equivalence of categories Vec; = Modg

This proof attempts to establish the equivalence by directly describing natural isomorphisms
of functors. It is incomplete. The natural transformations are constructed, the problem that
remains is to show that they are isomorphisms on objects.

Note that the assumption of finiteness for the Galois extension is only used in one step
- the surjectivity of €j;. The result actually does extend to the infinite case, which we’ll
hopefully describe later.

Proposition 2.13 (Conrad 2.14, or Milne A.64, or Milne 3.36). Let K/k be a finite Galois
extension with Galois group G. Let Vecy, be the category of k-vector spaces, and let Modg be
the category of continuous semilinear G-modules. The covariant functors

F : Vec, — Modg Vi Vi
H : Modg — Vecy, M — MC

are quasi-inverses, hence give a covariant equivalence of categories.

Proof. We need to construct natural isomorphisms € : F'H — Idyea, and 7 : Idye,, — HF'.
We start with n. We need, for every V' € ob(Vecy), an isomorphism (in Vecy)

ny V= HF(V)=H(Vg) = (Vg)"

such that for any k-linear map ¢ : V. — W, the following diagram commutes.

2Here is where we are using the fact that K/k is finite.
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Vv Y HF(V)
lqﬁ lHFw)
W " HE(W)

We define 7y by
nV:V—>(VK)G nv)=v®1

This has image in (Vg )Y, since if o € G,
cvl)=v®c(l)=v®1

It is also clearly k-linear. Now we verify that the required square commutes. Let v € V.
Then

mw(9(v)) = o(v) @1 =¢x(v®1) = H(¢k)(v @ 1) = HF(¢)(v ®@ 1) = HF(¢) o1y (v)

so the square commutes, and 7 is a natural transformation. It remains to show that 7y is
an isomorphism. It is clear that 7y has trivial kernel, so it is injective. By Lemma %
is surjective. So it is an isomorphism.

The natural isomorphism ¢ is defined and all necessary properties established in lemma

211 O

Remark 2.14. Let’s connect this with our original goals. In this setting, our k-objects are
just k-vector spaces, and the associated K-objects are semilinear G = Gal(K/k)-modules.

1. Every K-object comes from a k-object, since V ~» Vi is essentially surjective.
2. V. W are K-forms of each other «~—= Vx 2 Wy «— V= W.
3. (2) above says that the only K-form of V' is V itself (up to isomorphism).

4. Since K-forms of V have no structure (the set is just a point) it’s not clear how it’s
related to the Galois group directly. Despite this, the Galois group was critically
important in understanding this correspondence, since the quasi-inverse to V ~» Vi
was M ~ MY,

2.3 Alternate approach (Milne)

The next proof follows Milne’s proof in Appendix A, A.64. He also only gives a proof for
the case where K /k is finite Galois, and only really addresses that the functor is essentially
surjective.

Definition 2.15. Let A, B be associative, unital rings (not necessarily commutative). Let
S be an A-B-bimodule, which means A acts on S on the left, and B acts on S on the right,
and the actions commute. Given a left B-module M, the tensor product

S®p M
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is a left A-module via
Ax (S®@pM)— Sep M a(s®@m) =as®@m
So the assignement
LMod(B) — LMod(4) M ~ S®z M

gives a covariant functor from the category of left B-modules to the category of left A-
modules. If this functor is an equivalence of categories, we say that A and B are Morita
equivalent through S.

Example 2.16. Let k£ be a field and let D be a finite dimensional division algebra over k.
Let A = M, (D) be the matrix algebra over D. Let S = D™, thought of as column vectors,
and let B = D. A acts on S on the left by matrix multiplication, and B = D acts on S on
the right by right multiplication, and these two actions commute, so S is an A-B-bimodule.

From the theory of simple algebras we know that S is a simple A-module, and every (left)
A-module is a direct sum of copies of S (up to isomorphism). Since D is a division algebra,
every (left) D-module is direct sum of copies of D, so the functor

LMod(D) — LMod(A) M = D™ ~ D" @p D™ 2 D™

is essentially surjective. It is not too hard to see that it is fully faithful, so it is an equivalence
of categories, which is to say, A and D are Morita equivalent through S = D".

Theorem 2.17 (A.64). Let K/k be a finite Galois extension with Galois group G. The
functor V. ~~ Vi gives a covariant equivalence of categories between k-vector spaces and
continuous semilinear G-modules.

Proof. We start by assuming K/k is a finite extension, and let n = [K : k] = dimy K. In this
case, the proof is mostly just a special case of example where k = D, and S = K = k™.
Let A = M, (k) = Endy(K). By the example,

LMod(k) — LMod(4)  V ~ Vg =V @, K

is an equivalence of categories from the category of k-vector spaces to the category of left
Endy(K)-modules. Now let K[G] be the K-algebra with K-basis given by elements of G,
and multiplication given by

(Z a,,a) (Z bTT) =Y a,0(b;)(07)

oelG TEG o,7e€G

where a,,b, € K. The algebra K[G]| acts k-linearly on K by

K[GIx K - K <Z aga> c= Z%U(C)

ceG oelG

By linear independence of characters, the homomorphism (of k-vector spaces)
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is injective. Their dimensions over k are

Since the dimensions are equal and finite and the map is injective, it is an isomorphism. Since
K[G] = Endg(K), their respective categories of modules are equivalent. But obviously, the
category of left K[G]-modules is precisely the category of continuous semilinear G-modules.
This completes the proof. O

2.4 Extending the result to K/k infinite

Corollary 2.18. Theorem holds when K/k is an infinite extension as well, provided
that Vecy only includes finite dimensional k-vector spaces and Modg only includes modules
which are finite dimensional K -vector spaces.

Proof. Let K/k be an infinite extension with Galois group G = Gal(K/k), and let M be
a continuous semilinear G-module, which is finite-dimensional as a K-vector space. Let
n = dimg M. Let {my,...,m,} be a K-basis of M. For each i, define

G; =stab(m;) ={c € G:ov;=v} CG

Since M is a continuous G-module, G; C G is an open subgroup (hence has finite index).

Then define .
H=()G;
i=1

which is also an open, finite index subgroup of G. By construction, H acts trivially on M.
Hence by the Galois correspondence, H = Gal(L/k) for some finite extension L/k. Then
define B
H= ﬂ cHo™!
oceG

which is also an open, finite index subgroup of G, which has fixed field E, where L is the
Galois closure of L. Since it is contained in H, H also acts trivially on H. The diagram
below depicts the situation of the corresponding subgroups and fixed fields under the Galois
correspondence.

e = Gal(k/k) ¢~y K = K¢

v

H = Gal(K/L) ¢~ L=KH

finite, Galois over k

~

H = Gal(K/L) ¢ L=KH

finite index finite, not necesarily Galois

~

G = Gal(K/k) ¢~y k= Kb
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We can record roughly the same data in the following short exact sequence

1 —— Gal(K/L) — Gal(K/k) —=» Gal(L/k) — 1
[l || [l

H G G/H

As noted previously, H acts trivially on M, so the G-action factors through the quotient
G/H = Gal(L/k). This puts us back in the situation of a finite Galois extension L/k, where
we have the equivalence of categories from the previous result. B

That is to say, we know that M is isomorphic (as a continuous semilinear H-module) to
Vz for some k-vector space V, but then tensoring up to K gives an isomorphism M = Vi
as (continuous, semilinear) G-modules.

We are being a bit sloppy here and not writing down the natural isomorphisms, but this
does at least show that V' ~- Vi is essentially surjective, which is interesting part of the
extension to the infinite case. That this functor is faithful is relatively obvious, that it is full
is less so but we omit it. O

3 Descent for tensors of type (p, q)

3.1 Tensors

Fix a base field k.

Definition 3.1. Let V' be a k-vector space. Fix p,q € Z>¢. A tensor of type (p,q) on V
is an element ® € Homy, (V7 VP).

Example 3.2. If ¢ = 2 and p = 0, then a tensor is just a k-linear map
VRV sk=V
which is to say, ® is a bilinear form on V.

Example 3.3. If ¢ = 2 and p = 1, then a tensor is just a k-linear map
VRV =2V

which is to say, ® gives V' the structure of a k-algebra (not necessarily unital or associative).

Remark 3.4 (CSAGC 2.3.1). The setting of tensors is very broad and general, since it
includes:

1. ® = 0 and (p,q) are arbitrary, which is the case where V is just a k-vector space
without additional structure.

2. (p,q) = (1,1) which is the case where ® is a k-linear endomorphism of V.

3. (p,q) = (0,2) which is where ® : V ®; V — k is a bilinear form on V.
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4. (p,q) = (1,2) which is where ® : V ®; V — V, which is to say, ® can be thought of
as a multiplication map for a k-algebra structure on V. This multiplication need not
even be associative or unital, so this case contains the entire theory of k-algebras.

There is another way to think of tensors, which other people (e.g. CSAGC) seem to prefer,
but seems excessively confusing to me. It starts with the following lemma.

Lemma 3.5 (CSAGC pg27). Let V.W be k-vector spaces. Then the map below is an iso-
morphism.
V* @ W — Homy(V, W) a®@w (v alv)w)

where V* = Homy (V) k) denotes the dual space.

Remark 3.6 (CSAGC pg27). Let V be a k-vector space and p, q € Z>(. Using the previous
lemma with W = V® and V = V®¢, we get an isomorphism

V®p s (V*>®q ™ Homk(v@)q, V®p>
Using this isomorphism along with the isomorphism
(V)0 = (very:

we may think of a tensor of type (p, ¢) as an element ® € VP @, (V*)®1,

3.2 k-objects and k-morphisms

Definition 3.7. Fix p,q € Z>o and a field k. A k-object is a pair (V,®) where V is a
k-vector space and ® € Hom(V®? V®P) is a tensor of type (p,q) on V.

From now own, when we speak about k-objects, there are fixed integers p, ¢ € Z>¢ lying in
the background.

Definition 3.8. Fix (p,q) and let (V,®) and (W, ¥) be k-objects. A morphism of k-
objects or k-morphism is a k-linear map f : V — W such that the following diagram
commutes.

vea 12 e
o, b
ver 2 pep

As one would expect, k-objects with their morphisms form a category. We denote this
category C,ip’q) or just Cy, if (p, q) are understood from context.

Definition 3.9. If there is an isomorphism of k-objects (V,®) = (W, V), we say they are
k-isomorphic and call such an isomorphism a k-isomorphism.

Remark 3.10 (CSAGC pg28). In terms of thinking of tensors as elements of V& @ (V*)®9,
a morphism is a k-linear map f : V' — W such that the induced map

f®p ® ((f*rl)@q . |/®p 4 (V*)®q N 7 702 R (W*)®q
takes @ to W.
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3.3 Extension of scalars

Fix (p,q). All k-objects will be those with a tensor of type (p, q).

Definition 3.11. Let (V,®) be a k-object and let K/k be a field extension. We want to
define an associated K-object (Vi, ®f). For the vector space, we just tensor with K.

Vk =V @, K
For the tensor, we just tensor with the identity function. That is, given
O A

we form the tensor
CI)K . (VK)®q — (VK)®p

We try to describe this as concretely as possible. Given a simple tensor
TR ®T, =1 @N)® - ® (v,®@N,) € (Vg)®*
where x; € Vg, v; € V) \; € K, the tensor @, acts on it by

(I)K<(U1®/\1)®"'®(Uq®)\q)> — A A0 @ ® )

This doesn’t cover everything, since not every element of V%7 is of this form, but every
element is a K-linear combination of such elements, so we then extend ®; by K-linearity.

Definition 3.12. Let f : (V,®) — (W, V) be a k-morphism, and let K/k be a field extension.
Then we get an associated K-morphism fx : (Vik, ®x) — (Wk, V), which is just

Jk = f®Idk : Vg — Wk fr(v@A) = f(v) @A

We need to verify that fx makes the following diagram commute.

®q

(VK)®Q % (WK)®Q

|ex |

(Vie)er YO py)er

This is relatively obvious from the definitions, but we include it to be sure. Let vy, ..., v, € V
and Aj,..., A\, € K. Then

(fx)®P o Pk ((Ul ®M)® - ® (v, ® /\q)> = (fK)®p(/\1 AP0 @ - ®Uq>

:Al...Aqf®po®(fU1®...®qu>
:Al"'Aq‘Ifof®q(U1®"'®'Uq)

- )\1~--/\q‘11<f<U1)®"‘®f(Uq)>
= \IJK<(f(U1) OMN) R ® (f(vq)@))‘Q))
- \IJK<fK(?J1 ® A1) ®"'®fK<Uq®)‘q)>

= Uy o (fx)™ ((U1 BM) @@ (v ® Aq))
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As before we note that not every element of (Vi)®? is of this form, but having the same
value on such elements forces (fx)®? o @y = Wy o (fx)®? because of K-linearity.

Remark 3.13. The previous two definition give us a covariant functor

Pt eI (V) s (Vie, Pr), f — i

3.4 Twisted forms

Definition 3.14. Let (V,®) and (W, ¥) be k-objects. We say they are K-isomorphic or
become isomorphic over K if there is a K-isomorphism (Vi, @) = (Wg, V). In such
a situation, we say that (W, V) is a K/k-twisted form of (V, ®), or just a twisted form
of (V, ®).

Fixing a k-object (V, ®), we may consider all K /k-twisted forms of (V, ®). A k-isomorphism
(V,®) = (W, ¥) induces a K-isomorphism (Vi, @) = (Wg, Vg), so we want to consider
K /k-twisted forms of (V, ®) which are not already k-isomorphic. That is, we want to con-
sider two such forms the same if they are already k-isomorphic. We denote the set of
k-isomorphism classes of K/k-twisted forms of (V, ®) by

TFK(Va (I))
This is a pointed set, with distinguished point given by the class of (V, W) itself.

Definition 3.15. Let (V, ®) be a k-object and K /k an extension. We denote the set of K-
automorphisms of (Vi, ®x) by Autg(®). That is, Auty(P) is the set of K-isomorphisms

(Vi,®x) = (Vic,®x). It forms a group under composition.

Remark 3.16. We are finally in a position to discuss our original motivating questions with
the right definitions in hand, and more precisely reformulate them. We fix (p,q) and an
extension K/k.

1. Given a K-object (W, V), when is it in the essential image of the functor of extension
by scalars, Cr, — Cg, (V, ®) — (V, Px)? That is, when is there a k-object (V, ®) such
that (Vi, @) = (W, ¥)? (For answer, see proposition [3.26])

2. Given k-objects (V, ®) and (W, ¥) and a K-morphism g : (Vk, Px) — (Wk, Vk), when
does this morphism come from a k-morphism? That is, when is there a k-morphism
[ (V,®) = (W, ¥) such that fx = g7 (For answer, see proposition [3.23])

3. Given two k-objects (V,®) and (W, V), when is there a K-isomorphism (Vi, ®f) =
(Wk,¥k)? It may be that there is a K-isomorphism even if they are not k-isomorphic.

4. How can we describe the set of all K/k forms of a k-object (V,®)? (For answer, see
theorem [3.40])

5. In the case when K/k is Galois, how are the above questions related to the Galois
group Gal(K/k) and various associated cohomology groups?
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Although the questions are well-posed even when K/k is not Galois, we do not attempt any
answers except when it is. The fact that these questions have meaningful answers in this
scenario is precisely where the name “Galois descent” comes from, especially the first two
questions.

We think of extension of scalars (V,®) ~» (Vk,®Pk) as “ascending,” and the reverse
process as “descending.” As we have already described, ascent is not very hard - you just
tensor everything with K. The hard part is descent, hence the name for the subject. The
heart of the theory is deciding, based on interactions with the Galois group Gal(K/k), when
a morphism or object in C;f’q) “descends” to an object in C,(f ),

We will give full and descriptive answers to questions 1,2, and 5. Questions 3 and 5 are
less concrete, although they motivate a lot of what happens. In particular, the answer to
question 5 is not so much any particular result, but in the fact that in answering questions
1,2,5 all the answers involved the Galois group Gal(K/k) acting on some set and associated
cohomology groups.

Remark 3.17. Let’s take a moment to revisit remark in light of our more precise
phrasings of questions above. That remark, and the previous big result, covered the case
where ® = 0 is the trivial tensor, or alternatively the case where (p,q) = 0 and all tensors
are trivial, and the extension K/k is Galois (even infinite Galois).

1. The functor of extension by scalars is essentially surjective, so every K-object descends.
2. The functor of extension by scalars is fully faithful, so every K-morphism descends.

3. Two k-objects are k-isomorphic if and only if they are K-isomorphic after extension
by scalars.

4. The set of k-isomorphism classes of twisted K/k-forms of (V, ®) is a set with only one
element.

5. The most significant relationship between Gal(K/k) and the above questions is that
it provides the means of a quasi-inverse functor to ascent. That is, the method of
descending from a K-object M to the associated k-object is just by taking G-invariants,
which is to say, the cohomology group H°(G, M).

3.5 Galois action on K-morphisms

Definition 3.18. Let V' be a k-vector space and K/k a Galois extension. Given o €
Gal(K/k), there is an induced map

l®o: Vg — Vi VRN v ()

where v € V, A € K. We sometimes abuse notation and denote this map also by o : Vi — V.
Note that an arbitrary element of Vi is not of the form v ® A\. However, if we fix a k-basis
{e;} of V', then we get a K-basis {¢; ® 1} of Vi, so every element of Vi can be uniquely
written as a K-linear combination

=Y Ale®1)=> e\
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where \; € K. Then 1 ® o acts on such an element as

(1®0)(y):(1®0)Zei®)\izzei®g)\i

Remark 3.19. Let (V,®) be a k-object, and K/k a Galois extension. We claim that
1®o : Vg — Vi is a K-morphism. We just need to verify that the following diagram
commutes.

(Vie)®1 275 (v )20

|ex |

(Vie)or 22 (v )er

The following calculations verifies this commutativity.

= O'()\l...)\q)®<vl ® oo ®Uq)

where v; € V. \; € K,0 € G. Remember that elements of this form are not all of (Vj)®9,
but they generate (V)®? in K-linear combinations so this is sufficient.

Definition 3.20. Let K/k be a Galois extension, and let V, W be k-vector spaces. Then we
define a group action of G on Homg (Vi, Wi) E| as follows.

G X HOIIIK(VK, WK) — HOHIK(VK, WK)
(0, /)= a(f)=(1®0)ofo(l®@c)=00foo™

For obvious reasons, we call this the conjugation action of the Galois group. To spell it
out in more detail, o(f) acts on a simple tensor v ® A € Vi by

v A (I®c)ofo(l®o N =(1®a0c)oflv@o ')
where v € V, A € K. Note that if f is an isomorphism, o(f) is an isomorphism.

Remark 3.21. We claim that the above action also gives an action of G' on morphisms of K-
objects. That is, if (V, ®) and (W, ¥) are k-objects, and f : Vi — Wi is a K-morphism, then
o(f) is a K-morphism. This is immediate from remark [3.19] since o(f) is the composition

o(f)=(1®oc)ofo(l®c™)

and the outer maps are K-morphisms from remark [3.19, Hence we have an action of G =
Gal(K/k) on Hom,,p.0) (Vi, Wk).
K

3By Homg (Vi, Wi) we just mean K-linear maps, which need not be morphisms of K-objects.
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Remark 3.22. Since the G-action described above takes isomorphisms to isomorphisms,
we have a G-action on K-automorphisms of (Vi,®f). Furthermore, this action interacts
favorably with composition in Autg(®). Given o € G, f, g € Autg(P), we have

o(fog)=ofgot =ofologo™ = a(f)oalg)
That is to say, G acts by automorphisms on Autg(®), so it is a G-group. Hence we may
consider its nonabelian cohomology H'(G, Autg (®)).

Proposition 3.23. Fiz (p,q), let K/k be a Galois extension, and let (V,®), (W, V) be k-
objects. Let g: (Vi,Px) = Wk, V) be a K-morphism. The following are equivalent.

1. There exists a k-morphism f:V — W such that fx = g.
2. o(g) =g for all 0 € G. That is,
g c HOIIICK(VK, WK)G = HO (G, HOIIlCK (VK, WK))

3. The map g : Vg — Wxk is a morphism of G-modules, which is to say, for every o € G,
the following diagram commutes.

VKL)WK

ll@a ll@a

Vi —2— Wk
Proof. (1) = (2) If g = fx and 0 € G, then
o(g)=0o(fx)=(1®0c)o(f@l)o(l®c )= fR(coc)=f@l=fk=g

(2) = (3) Take the equality o(g) = g, and compose on the right by 1 ® o.
(1®o)ogo(l®o)=g = (1®0)og=ygo(l®0)

So the diagram commutes. (Similarly we could prove (3) = (2) by composing on the
right by 1 ® o71.)

(3) = (1) If x € (Vk)Y, then for o € G,

(1®o)og(r)=go(l®o)(r)=g(x)
That is to say, the commutative diagram in (3) implies that restricting g to (V)¢ lands in
(Wg)¥, where G acts on Vi and Wi as in definition . So we get,
g: (V) = (Wk)©

By lemma [2.4] we make the identifications (V)¢ = V and (Wx)¢ = W. So we have a
k-linear map f = g|(y,)c : V — W. But then since g is a K-morphism, f is a k-morphism.
(Think through the commutative diagrams, this is not terribly complicated.) And also
g = fk is clear. O

Remark 3.24. The previous proposition gives a fairly complete answer to question 2 of
remark . It tells us that the K-morphisms (Vk,®x) — (Wk, V) which come from
k-morphisms are precisely the fixed points of the Galois group acting on morphisms by
conjugation.
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3.6 Galois action on tensors

Definition 3.25. Let V be a k-vector space, and K/k a Galois extension with Galois group
G = Gal(K/k). Fix (p,q). Let H = Homg((Vk)®, (Vk)®P) be the set of tensors of type
(p,q) on Vi. We define an action of G on H as follows.

GxH—H (0,0)=0¥)=(1®0)oVo(l®s ')*"

We will call this the conjugation action. Hopefully it will be clear from context which
conjugation we are talking about, since this is an action on a different (but related) set than
the conjugation action in definition [3.20}

Proposition 3.26. Fiz (p,q). Let K/k be a Galois extension with Galois group G =
Gal(K/k), let V' be a k-vector space, and let U be a tensor of type (p,q) on Vi. The
following are equivalent.

1. There exists a tensor ® of type (p,q) on 'V such that o = V.
2. o(V) =V for all o € G. That is,

W € Homye((Vie) 1, (Vi) )¢ = HO(G, Homye ((Vie)®™, (Vie) ™)
3. For every o € G, the following diagram commutes.

(Vie)®1 _v. (Vi )®P

(1®a)®ql lu@(,)@p

(Vi) B4 —2 (Vi)®P

Proof. (1) = (2) Suppose Pk = ¥, and let 0 € G. Basically, since ®x only acts on the
V part and 1 ® o only acts on the K part, they commute. We include the details below.

o(@) (M) @ ® (1, ® ) = 1@0)Pobx o180 ) (@M (1, )
=(1®o)*o <I>K<(v1 o) ® - ® (v, @ a_lAq)>
= (180 (07N (0T A)R(v1 @ - @ v,))

— (007 M) -+ (007 A)D(01 @+ B 1)
:Al"'AqQ(U1®"'®U(])
= ¥K

A (CEIDERRCEEN)

The previous calculation shows that o(®x) = P.
(2) = (3) Take the equality o(¥) = ¥ and compose on each side by (1 ® 0)®9.

c(U)=(120)Po¥o(1®0) "=V = (1®0)Po¥ ="Vo (l®as)%
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So the diagram commutes. (Similarly we could easily prove (3) = (2) by composing with
(l®o™)®)
(3) = (1) Recall that G acts on Vi on the K-part.

G x Vg = Vi c(v@AN) =v® (cA)
So we also get an action of G on (Vi )®? (or replace g with p).
Gx (Vg)?1— (Vg)® o1 @ Qay) = (021) @ -+ @ (02y)

By lemmal[2.6] we identify the fixed points of this action with V®4. The commutative diagram
in (3) implies that restricting ¥ to the fixed points V®? = ((Vx)®1)¢ always outputs fixed
points. So we obtain a tensor of type (p,q) on V, which we call ®.

o = \I/|((VK)®q)G VA VA
The manner of the identification V®4 2 ((V)®9)¢ then makes it clear that ®; = . O

Remark 3.27. In particular, in the implication (3) = (1), the proof constructs the tensor
® as just the restriction of ¥ to fixed points.

Remark 3.28. The previous proposition answers question 1 of remark Given a K-
object (W, ¥), we know that there is always a k-vector space V' such that Vi = W (isomor-
phism of K-vector spaces, or even of ['-modules using Theorem . Then the proposition
gives the criterion that (Vi, ¥) descends to a k-object (V, ®) if and only if W is fixed by the
conjugation action of Gal(K/k) on tensors.

3.7 Classifying twisted forms via cohomology

Throughout this whole section, we fix the following notation: K /k is a finite Galois extension
with Galois group G = Gal(K/k). We fix p, ¢ € Z>¢, and a k-object (V,®). The group of K-
automorphisms of (V, ®) is A = Autg(P). The twisted K/k-forms of (V,®) are TFx(V, ®).

3.7.1 Going from twisted forms to cohomology classes

Definition 3.29. Let (W, ¥) be a K/k-twisted form of (V,®). Let B be the set of K-
isomorphisms (Vi, Px) — (Wk, Uk ). We describe a map

B:B— Z'(G,A)
Given a K-isomorphism g, the image is the cocycle
1

a=8@g):G—=A oa,=(g")g9=g " oolg)

We can verify this is a cocycle, as follows. For all 0,7 € GG, a satisfies
to- =g 00a(r(g) =g oa(g)oalg)oa(r(g) =as0a(g™ o7(g)) = as"a

hence a is a 1-cocycle, a € Z'(G, A).

32



Lemma 3.30. Let (W, V) be a K/k-twisted form of (V,®), and let B be the map above.

1. If g,h € B, then (g) and B(h) are cohomologous. That is, im [ is contained in a
single cohomology class.

2. If a,b € ZY (G, A) are cohomologous and a € im 3, then b € im f3.

3. The image of 3 is precisely one cohomology class in Z*(G, A).
Proof. (1) Let g,h € B, and let a = f(g),b = B(h).

a:G— A a—a, = (g7
b:G oA besb, = (h))h
Then let ¢ = h='g € A, and compute
¢ "= (h71g)"'b,"(h " g) = g 'hh ™ a(R)a(h) " a(g) = go(g) = a,

Thus a, b are cohomologous.
(2) Let a,b € Z'(G, A) be cohomologous and suppose a = 3(g), so a, = (g7)?0(g) for
all 0 € GG. Then there exists ¢ € A such that

by =c'a,"c=c"'g  oo(g)7c=((90)"")gc

hence b = (gc).
(3) This is just a rephrasing of the combination of (1) and (2). O

Definition 3.31. Let 8 : B — Z'(G, A) be the map above. We now describe a map
B:TFk(V,®) — HY (G, A)

Given a K/k-twisted form (W, ¥) of (V,®), we want to obtain a cocycle class in H*(G, A).
Given (W, W), choose a K-isomorphism g € B, then let a = $(g). Then define

BW,¥) = [a] = [B(g)]
By the previous lemma, the choice of isomorphism ¢ does not affect the cohomology class of
B(g), so this assignment rule does not depend on g, only on the twisted form (W, ¥). Note
that the cocycle a = B(g) is dependent on g, only the cohomology class is independent of
the choice of g.

Remark 3.32. Both TFg(V,®) and H'(G, A) are pointed sets. The basepoint in T Fg (V. ®)
is the k-isomorphism class of (V, ®) itself, and the basepoint in H!(G, A) is the cohomology
class of the unit cocycle. We claim that under the map above, the basepoint is sent to the
basepoint.

We are free to choose any isomorphism (Vi,®x) = (Vik,Pk), so we may choose the
identity g = Id : Vx — V. Then for ¢ € G,

ay =Id " oo(ld) =Idold=1¢€ A

That is, a is the unit cocycle. Thus under our map, (V, ®) gets sent to the cohomology class
of the unit cocycle, which is the basepoint of H'(G, A).

Actually, we don’t even need to choose the identity map on Vi. As long as we choose any
k-morphism (V, ®) — (V, ®) and then tensor it up to a K-morphism (Vi, ®x) — (Vk, Pk),
it will commute with o € G, and we will get the unit cocycle.
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3.7.2 Going from cohomology classes to twisted forms

Our next major goal is to prove that the map TFg(V,®) — H'(G, A) is an isomorphism
(of pointed sets). Since we already know it preserves basepoints, this is just a fancy way
of saying it is a bijection. We’ll get there by constructing the inverse map, using twisted
actions.

Remark 3.33. We have actions of G and A on Vg, and an action of G on A, and these are
compatible actions, as we now verify. The actions are

GxVg—=Vk o-2=(1®0)(x)
GxA—A o-f=(

Foroe G, fe Ayjx e Vg,
(- f)(o-z)=(1®0c)ofo(l®c )o(l®o)(z)=(1®0)of(x)=0-(f z)
Thus the actions are compatible.

Definition 3.34. Let o € H'(G, A), and choose a representative cocycle a € Z1(G, A), so
o = [a]. Since G, A act compatibly on Vi, we can form the twisted action of definition [1.36]

G %XV = Vi o*xx = a,(01)
Let W = (,Vk)® be the G-invariants of this action.
W= (Vg)={r€Vkx:oxx=uVocG}={x € Vg :a,(ox) =12,Yo € G}

For any o € GG, both a, and ¢ act on A as k-linear maps, so W is a k-vector subspace of Vi.
(It is not necessarily a K-vector subspace, since ¢ is not K-linear.) We call W the twisted
form of (V, ®) associated to a.

Remark 3.35. It is not clear at this point if W depends on the choice of a (and not just
on «), or that W is a twisted form of (V, ®), so our next priority is to address these issues.
Regarding the second issue, the question doesn’t even make sense at this point since we
haven’t defined a tensor on W.

Remark 3.36. Let a,a, W be as above. Let’s consider the following map from lemma [2.11]
fiWK:((aVK)G> i>VK TN \x
K

The lemma says that the map f above gives an isomorphism of G-modules IF we replace
the Vi on the right by Vi, but since Vi and , Vi have different actions, our map f is NOT
necessarily a morphism of G-modules.

In fact, f should only be a morphism of G-modules when the twisting cocycle a is trivial.
Let’s do some calculations to try and understand this. Given ¢ € G, let’s compare f and

O'f‘
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Let’s fix a k-basis {e;} for V. We obtain the associated K-basis {¢; ® 1} for Vk. We
want to write an arbitrary element of Wi in terms of this basis. Let’s also fix a k-basis {w,}
for W, which gives us a K-basis {w; ® 1} of Wg. By lemma and remark [2.12] we can
choose the basis {w;} so that it is also a K-basis of V.

We want to write an arbitrary element of Wy in terms of the e;’s. We can write each
w; € W C Vi uniquely in terms of the K-basis {e; ® 1}.

wy; = Z)\U(ez(gl) = 261@))\13

where \;; € K. That is, ()\;;) is the transition matrix from the K-basis {w;} of Vi to the
K-basis {¢; ® 1} also of V. We can now write an arbitrary x € Wy in terms of the K-basis

m:ij(ijZ)l) :ij@)xj
J J

where x; € K. Then we can rewrite x as
j i

Applying f to z in this form, we get

flx)=f (Z (Z e ® Aij> ®xj)

J

= ij Z e @ Aij
i A

= Z@i ®$j)\ij
1,

Now we try applying 7 f to x.

7 f(x) = (Idy ®0) o f o (Idy ®~") (Z <Z e ® Aw) ? )

J %

= (Idv ®0) o f (Z (Z € ® Aij) ® 01(5%9)

J 7
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Comparing these, we see that f(z) = ?f(x) if and only if, when written in terms of this
basis, all the elements );; are fixed by . That is to say, f = ?f for every o if and only if
every \;; € k, which is to say, there is a basis {e;} of V such that {e; ® 1} is a k-basis of W.

Now le’ts try to understand f~1' and °(f~1). We can write each ¢; ® 1 in terms of the

K-basis {w;} of V.
e®1= Z Vij W
J

That is, (7i;) = (A\;;) ™" is the transition matrix from the K-basis {e; ® 1} to the basis {w;}.
We write an arbitrary y € Vi in terms of the K-basis {¢; ® 1}.

y= Zei ®yi = Zyi<€i ®1) = Zyl (Z %'jwj> = Zymjwj
i i i J 0,J
with y; € K. Then

= Z T yivigw;) = Z Wi @ YiVij
i, i,J

Being a bit more sloppy with notation, we can write this as

fHe)=fHea®l) ng ® Y

With 7(f~1), we get

“(f)(y) = Idw ®0o) o f~ o (Idy @0~ )(y)

= (Idw ®0‘) o f_l o (Idv ®O'_1) (Z e; ® yz>

i

= (Idw ®0) (Z e Ko yl>
= (Idy ®0) <Z o (y; %]wj>
= (Idw ®0) (Z wj & Ul(l/i)%j)

7:7j

= ij ® yio (i)
i,
Using a bit more sloppy notation, we can write this as
“(f(e) =D o(vi)w
J
This is analogous to what happened with f, since it also demonstrates that f=! = 7(f~!) for

all o if and only if all of the coefficients ~;; are in k. But since (v;;) = (A\i;) " (this equality
is in GL,, (k) where n = dimy V'), this is equivalent to all the \;; lying in k.
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Definition 3.37. Let «, a, W be as above. Our goal is to define a tensor ¥ on W to make
it a k-object. Using lemma [2.11] the following is an isomorphism of K-vector spaces.

f Wk = <(aVK)G>Ki>VK TN \x

Keep in mind the previous remark, which tells us that f is not generally a morphism of
G-modules.

We have the tensor ®x on Vi, so using the above isomorphism we can transfer it to a
tensor ®x on Wi in such a way that f: (Wg, Pg) — (Vi, Pg) is a morphism of K-objects.
To be more concrete, set _

P = (fH®P o Dy 0 1

which then immediately makes the required diagram commute for f to be a morphism of
K-objects.

(Wi )®a RN (Vi )24

- f

(Wi)® 5 (Vi)
So we have a K-object (Wg, ®x), which we would like to say descends to a k-object (W, ¥).
By the criterion in proposition [3.26] this happens precisely if @ is fixed by the action of G.
For a proof of this, see a very long and hard to follow calculation in the appendix, proposition
6.1
Assuming the lemma, d i 1s fixed by G, so by proposition it descends to a k-tensor
U on W. To be more specific, using the remark following proposition [3.23] the tensor ¥ is

just the restriction of ® to W. So we have a k-object (W, ¥). Following the terminology in
definition [3.34] we call (W, V) the twisted form of (V, ®) associated to «.

Lemma 3.38. Let o € HY(G, A) and let (W, V) the associated twisted form of (V,®). Then
1. (W, W) is a twisted K/k-form of (V,®).

2. The k-isomorphism class of (W, W) does not depend on the choice of cocycle a, only on
the cohomology class o € HY(G, A).

Proof. (1) This is immediate from the construction of W. To be more precise, in definition

[3.37, the map
fiWK—>VK TR AN A\x

was an isomorphism of K-vector spaces, and by construction of ¥, we have Wy = d K, and
by construction of @, f: (Wk,Px) — (Vk,Pg) is an isomorphism of K-objects. Hence
(W, W) is a twisted K /k-form of (V, ®).

(2) Let a,b € Z'(G, A) both be cocycles representing a € H'(G, A), and let (W, &)
and (W?° W’) be the respective associated twisted forms of (V, ®).

wWe = (aVK)G
Wb — (bVK>G
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We need to give a k-isomorphism (W¢, ¥?) = (Wb Wb). By definition, [a] = [b] = a means
that there exists ¢ € A = Autg(®P) such that

ay, = c b,%¢
for all 0 € G. We can rewrite this as
b’ c = ca,

Then we claim that ¢ : Vi — Vi restricts to a map W¢ — WP, If v € W¢, then a,00 = «
for all o € GG. Then

byo(cx) = byoco toxr = b,"cox = cazor = cx

for all o € G, hence cx € WP, so ¢ : W — W? as claimed. Hence ¢ : W* — W' is a bijective
k-linear map. It just remains to verify that it is a morphism of k-objects. Since ¢ : Vi — Vi
is a K-morphism, the following diagram commutes.

(Vie)®9 —= (Vi) ®

| |

(Vi) B —Z2 (Vi) ®P
Then restricting to G-invariants we obtain

()2 = (W)

| [w

(W == (W)
hence ¢ : W® — W is the needed k-isomorphism. O

Remark 3.39. As a consequence of the previous lemma, we have a well defined map

HYG,A) = TF(V,®)  [a] = ((VK)“, ¥)

3.7.3 Main correspondence

Theorem 3.40 (CSAGC 2.3.3). Let (V,®) be a k-object and K/k a finite Galois extension
with Galois group G = Gal(K/k), and let A = Autg(®P). The maps defined above

TFg(V,®) = H'(G, A) (W, ) > [a]
HY(G,A) = TFg(V,®) [a] — ((VK)“, T)

are mutual inverses, so they give a basepoint-preserving bijection.
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Proof. We already know the map preserves basepoints, by remark [3.32] We just need to
verify that the two compositions are the respective identity maps.

First, start with a twisted K/k-form (W, ¥). We choose a K-isomorphism f : Wx — Vi,
and obtain the associated cocycle b= B(f~') € ZY(G, A),

b:G— A by =f(f )

Then the associated cohomology class is [b] € H'(G, A). To return to twisted forms, we set
Wb = (bVK)G, and get a tensor U® on WP by restricting ®x to W?. So we have obtained
a twisted K/k-form (W?° Wb). We need to verify that (W?° W?) is k-isomorphic to (W, ).
Consider the composition
-1
Wb = (bVK)G — VK f% WK

Clearly this is a K-morphism. We claim that the image is precisely (Wx)¢. If z € W?°, then
for every o € G,

r=0%x=byor = (f)°(f oz = fof ‘o tox=fof v = fla=0f"2

Thus f~lx € (Wg)C. Since W? and (Wg)® have equal k-dimension, the image is precisely
(Wg)€. Thus f~! restricts to an isomorphism of k-vector spaces W° — (Wg)¢. Using
lemma [2.4] we identify (W) with W using the isomorphism

W) =W wel—w

hence f~! gives an isomorphism of k-vector spaces W® — W. Since W’ is just the restriction
of ®x to WP and f~! takes ®x to Wi (since f~!is a K-morphism), the restriction of f~1
to W? is a k-morphism, that is, f~! gives the needed k-isomorphism (W?° W) — (W, ).
Hence the composition
TFx(®) — H' (G, A) = TFx(®)

is the identity.

Now we consider the other composition. Start with a cohomology class o € H'(G, A), and
choose a representative cocycle a € Z*(G, A). We then obtain the associated twisted form
(W, ¥?) where W = (,Vi )¢ and W is the restriction of ®x to W. This process comes via

a K-isomorphism f, : Wi — Vi, as in definition w To return to cohomology classes (as
in definition [3.31]), we use the isomorphism f,! to obtain a cocycle b = B(f, 1) € Z'(G, A).

b:G— A by= Lo

a

We just need to prove that a and b are cohomologous. Let W = (,Vx ) be the twisted form
of (V,®) associated to the cocycle b. Using the previous case, under the composition

-1
W s Ve L e

the image of f; ! is precisely (W2)¢, which we identify with W¢ using the isomorphism from

lemma 2111
(W)e — we r—r®l

By the previous case, f, ! then gives a k-isomorphism W° — W2 So we have the following
commutative diagram.
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fa! a e
b‘]{K - WK - <(aVK) >K TR AT aVK
Wb = (,Vi)® a s W = (,Vi)®

with the ¢ map coming from Speiser’s lemma [2.11] That is to say, €f, ! commutes with the
G-actions, since it descends to a k-morphism (using proposition [3.23). Let ¢ = €f, 1|7_f]. The
fact that ¢ commutes with G-actions means that for all x € Vi,

c(oxx) =0 % (cx) = cbyor = a,0cx = cb,0 = a,0c => by, =c a,’c
Thus a, b are cohomologous cocycles. This proves that the composition
HY(G,A) = TFg(®) - H'(G, A)
is the identity. |

3.8 Families of tensors

This section is based on Remark 2.3.10 of CSAGC, which says that we can generalize theorem
to the situation of a family of tensors.

Definition 3.41. Let V' be a k-vector space. Let {®;} be a family of tensors of type (p;, ¢;)
on V. The pair (V,®;) is a generalized k-object.

Definition 3.42. A morphism of generalized k-objects is a k-linear map V. — W
which preserves all the tensors, which is to say, each tensor makes the appropriate diagram
commute.

Remark 3.43. Why would we need more than one tensor to track the structure on V7 Well,
for example, suppose we wanted to study algebras of a particular type. A tensor ®; of type
(p1,q1) = (1,2) gives V the structure of a k-algebra, but does not say anything about the
properties of this multiplication map.

If we want to also require that the algebras be associative, unital, central, or simple, we
can encode whatever property in some appropriate commutative diagrams, and turn that
data into some kind of tensor on V. Then our morphisms of k-objects will have to respect
all the structural properties of our algebras.

Remark 3.44. Given our definitions of generalized k-objects and their morphisms, the rest
of the development of the theory generalizes immediately. Extension of scalars, twisted
forms, Galois actions, and K-automorphism groups are defined as one would expect.

Theorem 3.45 (Generalized theorem [3.40). Let (V, ®;) be a generalized k-object and K/k a
finite Galois extension with Galois group G = Gal(K/k), and let A = Autg(P;). The maps

TFx(V,®,) = HY(G,4) (W, ;) — [d]
HY(G,A) = TFx(V,®)) [a] — ((Vi)Y, ;)

are mutual inverses, so they give a basepoint-preserving bijection.

4I'm not exactly sure why ¢ € Autg(®), but it feels like it really should be. I don’t have the energy to
figure out why right now.
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3.9 Infinite extensions

The main correspondence generalizes to case where K/k is an infinite Galois extension. The
basic gist of this is that G = Gal(K/k) acts on A = Autg(P) continuously, so it always
acts through a finite quotient. So the profinite cohomology group H'(G, A) is not a scary
or complicated as it could be.

Alternatively, one can try to obtain the finite case from the infinite case by using direct
and inverse limits. There is some discussion of this in Platonov-Rapinchuk, but the details
there are not particularly spelled out, nor do I feel the need to work them out myself and
record them here.
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4 Examples and applications

In this section, we consider what the main corespondence says in a few special cases with
small p, ¢ values. Sometimes we can compute H'(G, A), and it tells us about twisted forms.
Sometimes we can describe the twisted forms, and it tells us about H'(G, A).

4.1 Revisiting vector spaces (p,q) =0

When (p, q) = (0,0) a k-object (V, ®) is just the vector space V' with no additional structure,
and morphisms (V,®) — (W, ¥) of k-objects are merely k-linear maps. We have already
fully described what happens in this case in proposition remark [2.14] and remark [3.17]

To reiterate those remarks, in this situation T F (®) is just a single point set containing
the k-isomorphism class of (V, ®) itself. So by the main correspondence HY (G, A) is
only one cohomology class. That is to say, every cocycle is cohomologous to the trivial
cocycle.

Also, because every K-automorphism (Vi, ®x) — (Vi, @) comes from a k-automorphism
(V,®) — (V,®), it is fixed by every o € G. That is to say, G acts trivially on A = Autg(P).
So

HO(G,A) =A% = A

4.2 (p,q) = (1,0)

In this case, ® is a k-linear map k& — V. Since ® is determined by ®(1), a k-object (V, ®)
is really just a vector space V with a distinguished element vy = ®(1). We may as well
assume @ is nonzero, although we won’t actually need this assumption. Then ® is just an
embedding of k£ into V', and the image is a 1-dimensional subspace spanned by .

A k-morphism f : (V,®) — (V',®') is a k-linear map f : V — V' such that f® = &’. In
other words, if we let vy = ®(1) and vy = ®'(1), then f(vg) = v}.

k
»
b

/!

f®0=Id

—
]
I

— =

<

Suppose (W, ¥) is a twisted K/k-form of (V,®), so we get a K-isomorphism g : Vi — Wk.
This just means g is K-linear and g(vy ® 1) = wo ® 1.

1d

We know that g descends to a k-linear map f : V — W where fx = g, though f may not
be a morphism of k-objects.
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v — ow

v»—)v@ll lw»—m;@l

Vi o W
This implies
f)®@1=frvo®1)=gry®1) =wy® 1
But this implies f(vg) = wyp, which is to say, f is a k-morphism. Thus every K-isomorphism

from Vi descends to a k-isomorphism, meaning T Fy (®) is trivial. Hence H'(G, A) is also
trivial.

4.3 (p,g)=(0,1)

In this case, ® is a k-linear map V' — k. That is, ® is a linear functional on V', an element
of the dual space V*. A k-morphism f : (V,®) — (V/,®') is just a k-linear map f:V — V'
such that &' f = ®.

V#

.
[+ e
k k

1d
—

/!

Example 4.1. Let k =R, K = C,V = R2 Let ® : R? — R be the projection onto the first
coordinate.
(I)iRz—)R (£C1,$2)|—>.Z'1

We have isomorphisms (of C-vector spaces)
R2@p C ———— (R®g C?) ———— C?
(X1, 22) @2 —— (1 ® 2,29 ® 2) —— (112, 222)
How to describe ®¢? It is
P :R?2@x C— R®gC (1, 22) @2z 21 ® 2

Using the previous isomorphisms, we can write it more usefully as the projection map onto
the first coordinate.
Pc Z(CQ—>(C (Zl,Zg)l—)Zl

The Galois group is G = Z/27 with complex conjugation being the lone nontrivial element.
We denote it by o, and just write o(z) = Z. A K-automorphism of V' is a C-linear map
g : C? — C? such that the diagram below commutes.

c? — ¢?

|ae |ee

Id
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That is to say, g acts as the identity on the first component of C. So we can write it as
g:C*—C? (21, 22) = (21, A\g22)

for some A\, € GL;(C) = C*. Any )\, € C* gives rise to such a g, so we may identify
A = Aute(®) with C*. To describe the G-action on this, it suffices to describe what
complex conjugation does. Given (z1,2;) € C? and g € A,

79(z1, 22) = 0go(z1, 22) = 09(Z1,Z2) = 0(Z1, A\yZ2) = (21, /\922) = (Zl,XgZQ)

So G acts on A = C* as you would expect, just restricting the usual action of the Galois
group on C. So the fixed points are A, € C* which are fixed by complex conjugation, which

is to say,
Y HO(G,A) =R~

By Hilbert’s theorem 90, H'(G,C*) = 0. By our main correspondence, this tells us that
every twisted C/R-form of (V| ®) is already R-isomorphic to (V, ®).

Example 4.2. Let k = R, K = C,V = R2 Let & : R?> = R be the usual multiplication
map of R.
d:R* =R O(z,y) =2y

After extending scalars to C, we see that ®¢ is the multiplication map for C.
Pc:C* = C Oc(w, z) = wz

Thus the group Autg(®) is the group of C-linear automorphisms of V¢ = C? which preserve
this multiplication.

Since g is C-linear, we can think of it as an element of GLy(C). So if g = (gi;),
g(w, z) = (gu1w + G122, gaw + Gaa2)
The diagram above says that if ¢ = (¢;;) and (w, z) € C?, then
wz = ®(w, 2) = Pg(w, 2) = (griw+g122)(garw+9222) = gr1gnw’+(g11922+g12921) Wz +g129227
Since this holds for all w, z € C, this implies

911912 = g12922 = 0 911922 + g12g21 = 1

Since g € GLy(C), we also know ¢11¢20 — g12921 # 0. The first equations above say that g has
a zero in each row. Then the second equation says that gi1920 = 1 or g12921 = 1, whichever
is nonzero. So ¢ has one of the following forms.

xz 0 0 =z «
(0 x—l)’(x—l 0) vel
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So the automorphism group Aut(®) is identified with this subgroup of GLy(C).

Aut () = {(g ;1) , (;31 g) z€ (CX}

The Galois group acts on these entrywise. Perhaps there would be more I could say at this
point if I knew the classification of real bilinear forms better.

Example 4.3. E]We generalize the previous example. Let L/K be a quadratic extension in
char # 2, so L = K(y/c) for some non-square ¢ € K*. Let I' = Gal(L/K) = Z/27 with
generator /unique nontrivial element 7. Let ¥V = K?, and let ® be the quadratic form on K
just given by multiplication.

oV - K (x,y) — xy

Then Vi, = L? with ®; also just given by multiplication. Rather than describe the group
of L-automorphisms of Vi, we just construct a nontrivial twisted form of (V,®) using a
particular cocycle. Let A = Auty(V}), and define a cocycle b € Z'(T', A) by

b:T — A b =1d bT:<(x,y)l—>(y,x)>

The regular action of I' on V}, is just acting by I' on each entry of V;, = L?. The twisted
action is
FXbVL%bVL O'*U:bg(O'U)

In the case of the nontrivial element 7, it acts as
T*v =T % (v,v9) = (TVg, TV3)

To get a twisted form of V', we take the I'-fixed points of the twisted action. Since 7 is the
only nontrivial element, the I'-fixed points are just points fixed by 7.

W= (V)" = {(z,y) eV =L (z,y) = (ry,72)} = {(z,72) € L* 1z € L}

Projecting onto the first component, we can identify W with L. However, W is not necessarily
isomorphic to L as a K-algebra, because the “multiplication” in W is

(z,72) — x - T2 = Nm% ()

To summarize: we have the K-algebra V = K? viewed as a K-algebra with the tensor® being
the usual multiplication in K. We constructed the K-algebra W which is identified with L
as a set, but the tensor on W captures the field norm Nmf{. To be even more concrete,

VoK (r,y) — zy
W =K x4+ yy/c— 22 — ey’

Although V)W are isomorphic as K-vector spaces (both are 2-dimensional) they are not
isomorphic as K-algebras.

SInspired by example 2 on page 69 of Platonov-Rapinchuk.
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4.4 Vector space with fixed endomorphism (p,q) = (1,1)

In this case, ® is just a k-linear map V' — V. A k-morphism (V,®) — (V’,®’) is a linear
map f:V — V' such that ®'f = fP.

f v

<

[oi] P’

—

L}V

<

The group of K-automorphisms is
A=Autg(®)={f € GL(Vk): fO=f}

So A is just the centralizer of ® in GL(V). Note that ® may itself not be in GL(V'), but it
is at least in Endg (V).

Example 4.4. Let k =R, K = C,V =R2. Fix 0 € R, and let ® : R> — R? be the rotation
through a angle € about the origin, and assume 6 # 0 and 6 # 7. That is, ® is given by the
following matrix in the standard basis {e; = (1,0),es = (0,1)} of R2.

cosf) —sin6 x rcosf —ysind
sinf)  cos@ Y xsinf + ycosf
Then ®¢ : C? — C? is given by the same matrix in terms of the C-basis {(1 ® 1,0), (0,1 ® 1)}

for V. However, if instead we use the basis {e; ® 1 + e ® i,e1 ® 1 — e ® i} for V¢, in terms
of this basis ®¢ has the matrix
i
e 0
®c = ( 0 eia)

(For an explicit calculation of this, see example 4.20 of my notes for my summer class on
algebraic groups with Rajesh Kulkarni.) In these terms, a K-automorphism of (V,®) is
g € GLy(C) which commutes with ®. A quick calculation shows that the matrices

a b e? 0
c d)’\0 e

commute if and only if be?? = be= and ce?® = ce~. This only happens when § = 0 or

0 = morb=c=0. Since we ruled out the first two to start, b = ¢ = 0, which is to say,
g € GLy(C) is a diagonal matrix. So we have an identification of A with C*2. Again, 0 € G
acts as usual on the C-parts of A, so

HY(G, A) = R*?
and using additivity of cohomology and Hilbert 90,
HY(G,A) = H(G,C**) = HY(G,C*) o HY(G,C*)=020=0
I'm not sure if this is right.
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4.5 Bilinear forms (p,q) = (0, 2)
In this case, ® is a bilinear form V ® V' — k.

Example 4.5. Assume k does not have characteristic 2. Let n = dimV and ® be a
nondegenerate symmetric bilinear form on V. The Autg (®P) is the group O,,(K) of orthogonal
matrices with respect to ®, and the correspondence says that there is a bijection

TF(V,®) = HY(G,0,(K))

According to CSAGC example 2.3.5, "this bijection is important for the classification of
quadratic forms.”

Example 4.6. Let £k = R, K = C,V = R". The Galois group is G = Gal(C/R) = Z/2Z.
Let @ be the usual dot product on R".

d:R'"erR" - R CID((xl,...,xn)®(y1,...,yn)):inyi
i=1

The extension of ® to &¢c : C" ®c C* — C has the same formula as the above. The
automorphism group Autc(V, ®) is the orthogonal group O, (C).

O0,(C) = {z € GL,(C) : za’ =1}
From the correspondence,

It is known that over C, all nondegenerate symmetric bilinear forms are equivalent to ®.
Hence the nondegenerate symmetric bilinear forms on R™ are classified by the cohomology

group H'(G, 0,(C)).

4.6 Algebras (p,q) = (1,2)

In this case, ® is a multiplication map for a (possibly nonassociative) algebra on V.
VRV =V

This is where our generalization to a family of tensors starts to play a useful role. Instead
of arbitrary algebras, we would like to consider associative, unital, central, simple algebras.
Therefore, in addition to the multiplication map, we need to include some other tensors on
V' which encode these properties. For the moment, we suppress any details of how to do
this, but perhaps it will be included later. For now, we just assume that we can encode all
of this data into a family of tensors without much trouble.

Example 4.7. Let K/k be a Galois extension with Galois group G. For this example,
assume all algebras are associative, unital, central, and simple.

Let (V, ®;) be the k-algebra M, (k), where ®; includes a structure map for multiplication,
along with some tensors to encode the fact that it is an associative, unital, central, simple

47



algebra. Over K, it is (Vi, (P;)x) = Mn(K). So TFg(V,®;) is the k-isomorphism classes
of central simple k-algebras which become isomorphic to M, (K) after tensoring up to K.
These are precisely the central simple k-algebras of dimension n? which become isomorphic
to M, (K) after extending scalars.

The automorphism group Autg(®;) is K-algebra automorphisms of M, (K). By the
Skolem-Noether theorem, all such automorphisms are inner, so we may realize each such
automorphism with an element of GL,(K), which then acts on M,(K) by conjugation.
Since any scalar matrix is central and acts trivially, this action factors through the quotient
PGL,(K). That is, Autg(®;) = PGL,(K). Using our main correspondence, we get

TFx(V,®;) = HY(G,PGL,(K))

This is used, for example in CSAGC, as motivation and construction of the relative Brauer
group Br(K/k), and its identification with H*(G, K*). Without proof, we mention that

Br(K/k) & H'(G,PGLy)

This is mostly useful in the situation where K = k*P is the separable closure, in which case
we obtain the absolute Brauer group.

Br(k) = Br(k*?/k) = H'(G,PGLy) =& H*(G, (K**™))
Note that here we are using profinite cohomology.

Example 4.8. Let k be a field with trivial Brauer group, for example, k = I, a finite field
with ¢ elements. Let K/k be a Galois extension with Galois group G. Since Br(k) = 0,
the relative Brauer group Br(K/k) is also trivial. Let (V, ®) be the k-algebra M,,(k), where
® encodes the multiplication map, and the fact that it is central simple (and unital and
associative).

From the previous example, T'F (V, ®) consists of k-isomorphism classes of central simple
k-algebras of dimension n?, which represent Brauer classes of the relative Brauer group
Br(K/k). Since this group is trivial, all such algebras are Brauer equivalent. Since they also
all have the same dimension, they are all already k-isomorphic. So T Fx(V,®) is just one
point. Using the correspondence, this tells us that

H'(G,PGL,(K))
is trivial.

Example 4.9. For this entire example, all algebras are assumed to be associative, unital,
central, and simple. Let k = R, K = C. Let (V, ®) be the R-algebra My(R), and let (W, ¥) be

the Hamilton quaternion algebra. That is, W = R* with basis {1, 4, j,ij} and multiplication
i?=j?=-1 ij = —ji

We know from the theory of central simple algebras and Brauer groups that after tensoring
up to the separable closure C, these algebras are isomorphic. That is to say, (W, V) is a
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twisted C/R-form of (V, ®). We also know that they are NOT isomorphic R-algebras. Hence
(W, W) is a nontrivial twisted form of (V,®). So we know to expect H'(G, A) # 0.

Let’s try to describe Aut g (®). A K-automorphism of (V, ®) is a C-algebra automorphism
of M5(C). By the Skolem-Noether theorem, every such automorphism is inner, which is to
say, is of the form

M, (C) — M, (C) T grg
for some g € GLy(C). Since any scalar ¢ € GLo(C) acts trivially, the action factors
through the quotient PGLy(C), hence we identity A with PGLy(C). The Galois group
G = Gal(C/R) = Z/27Z (o) acts on My(C) entry-wise, so given g € GLy(C), 7¢g is the
automorphism
7g: Mp(C) — Ma(C) s gTg~' =Gag "

Thus 7g = g, which is to say, G acts entry-wise on A = PGLy(C). Now the question is, what
can we say about H'(G, A) or TFy(V,®)? There is a relatively easy calculation of H'(G, A)
in the case where G is cyclic and A is abelian, but in our situation A is not abelian.

Alternatively, perhaps we can use our knowledge of central simple algebras and the Brauer
group to understand TFi(V, ®). A twisted form of My(R) is a (unital, associative) central
simple R-algebra U such that U ®@g C = M,(C). Now we are in a position to use our
full knowledge of the Brauer group. We know that Br(R) = Z/27Z, which is to say, there
are precisely two isomorphism classes of unital, associative, central R-division algebras: R
and the Hamilton quaternions. Combining this with Wedderburn’s theorem, the only unital
associative, central R-algebras are My(R) and the Hamilton quaternions. Hence T'F (V, ®)
is a set with two elements, the distinct classes of (V, ®) and (W, ¥).

4.7 Descent for affine algebraic groups
4.7.1 Equivalence with Hopf algebras

The category of affine algebraic k groups is equivalent to the category of Hopf k-algebras,
using spec.

{Hopf k-algebras} 2= {affine algebraic k-groups}
The quasi-inverse is given by taking global sections. Alternatively, thinking of affine al-
gebraic k-groups as representable functors Alg, — Gp, every affine algebraic k-group has
a representing algebra, and the multiplication and inversion maps induce a Hopf algebra
structure on the representing algebra. Conversely, given a Hopf algebra A, the functor

Ga @ Alg, — Set B +— Homy (A, B)

describes an algebraic k-group, using the Hopf algebra structure of A to make Homy (A, B)
into a group.

4.7.2 Forms of algebraic groups

Definition 4.10. Let G be an affine algebraic k-group. Let K/k be an extension. A K /k-
form of G is an algebraic group H such that Hx = Gk as algebraic K-groups.

Definition 4.11. Let G be an affine algebraic k-group. The set of k-isomorphism classes of
K /k-forms of G is denoted TFk(G).
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4.7.3 Application of main correspondence

Let G be an affine algebraic k-group with representing Hopf k-algebra Og. Let K/k be a
Galois extension (possibly infinite) with Galois group I'. Let (V,®) be the Hopf algebra
Og, where ® is a family of tensors encoding multiplication, comultiplication, unit, counit,
and antipode maps. Let A = Autg(®). By the main correspondence, we have a basepoint
preserving bijection

TFx(Og) = HY(T, A)

By our equivalence of categories, K-automorphisms of (Og)x which preserve @y are in
natural bijection with K-automorphisms of Gk as an algebraic K-group. Similarly, since
the equivalence of categories commutes with extension of scalars, K/k-forms of Og are in
natural bijection with K/k-forms of G. So the bijection above turns into

TFx(G) = HYT, Autg (Gx))

There is probably some amount of details to check regarding how naturality supports this
assertion, but this does not interest me at this time.

Example 4.12. Let K be a field with char K # 2, and let L/K be a quadratic extension, so
L = K(y/c) for some non-square ¢ € K*. The Galois group is then I' = Gal(L/K) = Z/27Z,
and we let o be the generator/unique nontrivial element. Let G = G,,, viewed as an
algebraic K-group. The twisted L/K forms of G are classified by cohomology using our
main correspondence.

TFL<G) = Hl (F, AUtL(GL>>
The L-automorphisms of G = (G,,);, = G,, are just the power maps, so Aut;(GL) = Z.
The Galois group action on this copy of Z is determined by how ¢ acts. The only possibilities
are that it act by +1 or —1. I claim that o acts as —1. Let a,, € Aut;(Gp) be the nth power
map, x — z". The I'-action is given by by conjugating.
c-a,=(1®dc)oa,o(l®ac)! € Auty(GyL)

Let’s just look at the action on K-points of G, which is L*. Let z € G (K) = L*, and
write r as x = a + by/c, with a,b € K. Then oz = a — b\/c. Note that o = oL,

(0an)(z) = oo (z) = oan(a—by/c) = a(a—by/e)" = o (" — a"'by/c+ - + (—1)"by/<)

When o is applied to this, it changes all of the 1/c terms by a sign, but this does is not equal
to a,(x) = (a + by/c)", in general. So o does not act as the identity, hence it must act as
—1. So we get the cohomology group H'(Z/27Z,7) with nontrivial action. By a standard
calculation of cohomology for cyclic groups, this is

HY(Z/27,7) =~ ker N/(oc — 1)Z
where N : Z — 7 is the norm map, which in this case is is the map 1+ o =0, so
HY(Z/27.,7) = 7.)27

Thus there are precisely two K-isomorphism classes of twisted forms of G,,. One is G,,
itself. The other is the norm torus, which we describe more explicitly via twisting in the
next example.
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Example 4.13. | Let L/K be a quadratic extension in char # 2, L = K(y/¢),I' = Gal(L/K)
as above, with ¢ the generator (and only nontrivial element) of I'. Let G = G,,, viewed as
a K-group. The extension of G to L is (G,,)L.

GL = (Gn)L

The corresponding Hopf algebra is Laurent polynomials over K in one variable, and extending
to L just gives Laurent polynomials over K.

Oc = K[t,t 7]
OGL = L[t7t_1]

Let V = 0¢,Vy = Og, and let A = Aut,(GL) = Autr(Og, ). The Galois action of I on V,

is by acting on the L-coefficients.

I'xV,—=V, T (Z ant”> = ZT(an)t" Tel

From the previous example, we know that H'(T', A) has exactly one nontrivial cohomology
class, so let us describe it in terms of an explicit cocycle. Define a cocycle a € Z1(T', A) by

a:I'— A a. = 1d a, = Inv

where Inv is the inversion map on G, or alternatively the map ¢ — ¢! on Og,. Now let’s
construct the twisted algebra associated to the cocycle a. The twisted action of I on V7, is

1—‘XaVYL_)a‘/L T*f:CZT(Tf)
This is only interesting when 7 = o, so we describe that even more explicitly.
ox f=a,(cf) =Inv(of) =af(t™")

Then we take the I'-invariants of the action to get our twisted form. To be fixed by I', it is
enough to be fixed by o.

W= (V)"
= {feLlt ™ ft)=oxft) =of(t")}

= {Z ant" :a, =o(a_,),¥n € Z}

We can describe W even better than this using the following isomorphism. Recall that
L = K(y/c). Define

t4+t1 Ht—t—l
2 2./c

6Copied from example 1 on pages 69-69 of Platonov-Rapinchuk.

Lu,v] =W  u~—
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We claim this is a surjection of L-algebras whose kernel is the principal ideal (u* — cv? — 1).
There is nothing to check regarding being a map of L-algebras, since we have only defined
it on L-algebra generators, and it clearly lands in W.

It’s not hard to see that this is surjective, since W is generated by elements of the form
t+ttand t — \/ct™!, which are just scalar multiples of the images of u,v. The fact that
u? — cv? — 1 lies in the kernel is just a calculation.

t4 1\ 2 t—t1\? ﬁ+2+t2 ﬁ—2+t2
> 2/
4
4

F+2+t2—ﬁ+2
4

We omit justification that the kernel is generated by u? — cv? — 1, but it is. Hence by the
Lst isomorphism theorem, the mapping above induces an isomorphism (of L-algebras)

~ Llu,v
w e L ](u2—002—1)

Remember what we were doing - we started with the algebraic K-group G,,, translated to
the associated Hopf algebra V', and extended scalars to V. Then we twisted the I'-action
and took [-invariants to obtain a twisted K-algebra W, which is an L/K-form of V. So if we
translate the Hopf algebra W back to an algebraic K-group, we obtain a twisted L/K-form
of G,,. That is, we have the algebraic K-group

H =specW

which is an L/ K-twisted form of G,,. To be more precise, the K-points of H are the following
subgroup of SLy(L).

H@gg{(“'f);%ueLﬂﬂ—mﬂz1}csLxg

(%

The group H is better known as the norm torus Ry xG,,. As H is an L/K-twisted form of
G,,, the L-points of H are the same as the L-points of G,,.

H(L) = G,(L) = L*
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5 Appendix

5.1 A very long computational lemma

Lemma 5.1. Let K/k,G,(V,®),«,aW, f, Dy be as in definition . Foro €@, o g =
Dy, hence it descends to a k-tensor ¥ on W.

Proof. As in definition [3.36} fix a k-basis {e;} of V' and a k-basis {w;} of W so that {w;}

is also a K-basis of V. Let \;j,7;; be as in that definition as well, that is, the transition
coeflicients between the K-bases {w;} and {e; ® 1} of V.

wjzzei®)\ij €i®1:Z%’jwj
i J

Also we know that ® : V® — V®P ig determined by the images of the basis elements
e, @+ ®e;,. Let’s just name the coefficients involved in the image. That is, for (¢1,...,¢))
with 1 < ¢; < dimy V, define ¢,

.....

Pley, @ ®ey,) = Z Per,....0p) (€0, @ -+ @ eg,)

Let 0 € G. Then

0- bk =(100)"odxo(1®o )™ =(1@0)"o(f)Podyof o(lao )™

It suffices to verify that o - ®x = ®x on simple tensors in (Wk)®1, so take such a simple
tensor.
I=10'®1°® @1t e (Wg)®

Write each z* as

2k = Z (Z €, & A(Z’m]’k)) ® Ty

Jk i

93



Let’s start by applying Dy to 7.

&)K(f) = <f71)®p o®dp o f®q (:Cl R ®:l:q)

rpmaneern (o (x5

Jk

i

Z €ir @ Aliri)

Jou)e-)

= (f_1)®p odr |- ® (Z €ip @ x]'k/\(ikyjk)> - )
(s
= (f_1)®p o P Z < "+ ® <eik & ‘,L'jk)\(ikajk)> ® >
(il 7777 iQ)
(.jl 7777 .711)
= <f71)®p Z (I)K< - ® <eik ® x]’k)‘(imjk)) ® )
(il """ iq)
(jl 7777 ]ll)
q
= (f_1)®p Z (ijk)‘(ihjk)) (I)<"'®eik®"')
(i1 ..... ’iq) k=1
(jl 7777 Jq)
q
= >0 (H J?jkA(ik,jk)) D )R @)
(#1500sq) \k=1 (€1,e38p)
(jl 7777 Jq)
q
= (e > (H wjkAak,m) trent) (- @ e, @)
(il ..... iq) k=1
(jl 7777 Jq)
(El 7777 Kp)
q
= > (H fffjmik,jk)) Dt .el) ( - ® (Z Wiy ®7<fkvmk)> ® )
gi'l 77777 z"qg k=1 mg
()
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1yeeey mp)

On the other hand, when we apply o - Dy to x, we get something slightly different, with o
acting on some of the A and v coefficients.

0 (@) =(100)o (f )P odko fP0 (10 ) (z'® - ®a)

=(1® 0)®p o (f_1>®p 0Pk o f®q ( e <Z <Z €y & A(ikvjk)> © 0-_1<xjk)> o >

Ik i
=(1®@0)% o (f71)*odg ( - ® (Z Cif, ® Ul(l‘jk)A(ik,jk)> ® - )
TksJk
=(1@a)Po(f ok | > <"'® <6ik ®071($jk))\(ik,jk>) ® - >
o)
= (1@a)™o(f )™ Y ‘DK(' - ® (ez‘k ®071($jk))\(ik,jk)> ®>
(21,-0-s8q)
(jl 7777 ]q)
=(1@o)o(f )| > (H 0_1($jk)>\(ik,jk)> ‘I)< ®e, ® - )
(i1, iq) \k=1
JLlyees jq)
q
=(1@o)™o(fH| > (H o <xjk>A<ik,jk>> D b @ ®@---)
((i1 ..... i'q)) k=1 (£1,0sbp)
J1lyeees Jq
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(i1,ig) \k=1
(J1,-5dq)
(t1oty)

(31,..y0q) \k=1
(jl 7777 Jq)
(51 ----- Zp

Recall from previous work that we can describe f~! by

eék E wmk ® 7 fk mk

So continuing our calculation,

o &)K(g) - (1 ® 0>®p Z (H U_l(xjk>/\(ik,jk)> 925([1 ----- ( " f €g, & - )
)

(i1, iq) \k=1
(jl 7777 ]q)
1reily)

=(1® O.)@p Z (H U_l(aj]k))\(lk ]k)) qb(fl 77777 p) ( - Q <Z Winy, @ ’7(51@77%)) - )

(41,..yq) \k=1 my
(J15-3q)
(El 7777 EP)

q
=(1®0)%P Z <H Ul(.ijk)A(ikJ’k)) Oy, 0p) Z ( - ® ('LUmk ® ’Y(zk,mk)) - )
) (m

(i1ye.r, iq k=1 Lyeees mp)
(J15-dq)
(trn)

q
- <1 ® 0—>®P Z (H O_I(Ijk))‘(imjk)) qb(gl ----- Zp) ( ® (wmk ® 7(£k7ﬂ1k)> - )

(81,-+-5iq) k=1
(jl 7777 Jq)
(1)

(ml 7777 mp)
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(115---viq)
(jl""vjq)
(Zlv'“’ep)

(m17~~~7mp)

(41,-+-,0q)
(j17"'7jq)
(Elr"'vep)

(ma,...,mp)

(115---4iq)
(jl""vjq)
(C1,---8p)

(m1,...,mp)

Let’s compare this side to side.

(@)= Y

(ir,...
(g1,
(1o

(mi,...

iia)
Ja)
7€p)
Mp)

o (@ = Y

(215
(i
(tr...
(ma,..

.,i‘q)
-Ja)
+p)
Mp)

k=1

k=1

q
<H 'TjkA(ikyjk)/y

(fkmk)> gb(&,...,ﬁ,,) (@ (W, @)@ -+ +)

q

))) Pler,ty) (- @ (Wi, @) @ - - )

These are equal if o acts trivially on the A, v coefficients. These lie in K, so in general
this does not happen. However, recall that ()\;;) and (7;;) are inverse transition matrices
by definition, and in the sums/products above, we're basically multiplying those transition
matrices together. Whether we apply o before or after multiplying the transition matrices,
the resulting matrix is the idenity, and all of the entries in that matrix are in k, hence fixed
by o. So the two expressions above should be equal, hence ®x descends to a k-tensor on

w.
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